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POFXPVMEFYQFČUIF
NBUFSJBM UP CF FMFČSJDBMMZ JOTVMBUJOH BOE TIPX [FSP DPOEVČJWJUZ BD
DPSEJOH UP UIF TFNJDMBTTJDBM #PMU[NBOO UIFPSZ GPS FMFČSPO USBOĝPSU
<ǋ> )PXFWFSVQPOQFSGPSNJOHUIJTFYQFSJNFOUWPO,MJU[JOHBOEDPM
MBCPSBUPST UP UIFJS TVSQSJTF PCTFSWFE B OPO[FSP BOE QSFDJTFMZ RVBO
UJ[FE)BMMDPOEVČJWJUZJOJOUFHFSNVMUJQMFTPGBGVOEBNFOUBMDPOĞBOU
PGOBUVSF
ӐYZ = O
FƦ
I
	ǉǉ

XIFSFӐYZJTUIFUSBOTWFSTFPS)BMMDPOEVČJWJUZFJTUIFFMFČSPODIBSHF
I JT 1MBODLT DPOĞBOU BOE O JT BOE JOUFHFS QSFDJTF UP OFBSMZ POF QBSU
JO B CJMMJPO JSSFĝFČJWF PG TBNQMF HFPNFUSZ PS JNQVSJUZ DPOUFOU ĉF
ǌEJTDPWFSZ XIJDI XPO WPO ,MJU[JOH UIF ǉǑǐǍ /PCFM 1SJ[F SBJTFE NBOZ
JNQPSUBOURVFĞJPOT 8IZJOBOJOTVMBUJOHĞBUFJTUIF)BMMDPOEVČJW
JUZOPO[FSPBOETPQSFDJTFMZRVBOUJ[FE  8IBUFMFČSPOJDĞBUFTBSFDBS
SZJOH UIF DVSSFOU  "OE ėOBMMZ IPX EP XF DMBTTJGZ UIJT OFX RVBOUVN
QIBTF  #Z BMM NFBTVSFT OP OFX TZNNFUSJFT XFSF CFJOH CSPLFO XIFO
UIF JOEFY O JO 	ǉǉ
 DIBOHFE GPS UIF ėSĞ UJNF -BOEBVT QBSBEJHN IBE
GBJMFE ĉFBOTXFSUPUIFTFRVFĞJPOTMJFEJOUIFGBČUIBUUIJTXBTBOFX
LJOEPGFMFČSPOJDPSEFSJOHUIBUIBEOFWFSCFFOPCTFSWFECFGPSFDBMMFE
UPQPMPHJDBMPSEFS
5PQPMPHZ JT UIF CSBODIPG NBUIFNBUJDT DPODFSOFEXJUI UIF QSPQFS
UJFT PG HFPNFUSJD TIBQFT UIBU EP OPU DIBOHF VOEFS TNPPUI EFGPSNB
UJPOT ĉFNBUIFNBUJDBMRVBOUJUJFTUIBUEPOPUDIBOHFVOEFSUIFTFEF
GPSNBUJPOT BSF DBMMFE UPQPMPHJDBM JOWBSJBOUT "T BO FYBNQMF DPOTJEFS
POF PG UIF GVOEBNFOUBM UIFPSFNT PG UPQPMPHZ UIF (BVTT#POOFU UIF
PSFN <ǌ> XIJDI ĞBUFT UIBU UIF JOUFHSBM PG UIF MPDBM DVSWBUVSF PWFS B
DMPTFETVSGBDF4JTRVBOUJ[FEBOEJTBUPQPMPHJDBMJOWBSJBOU
ƥ
ƦӍ
 
4
,E" = Ʀ(ƥ − H) 	ǉǊ

XIFSF,JTUIFMPDBMDVSWBUVSFPGUIFTVSGBDFBOEUIFHFOVTHJTUIFOVN
CFSPGIPMFTJOUIFTIBQFDSFBUFECZUIFDMPTFETVSGBDFXIJDIDIBSBČFS
J[FTUIFUPQPMPHZPGUIFTVSGBDF ĉFĝIFSFJO'JHVSFǉǉǉGPSFYBNQMF
IBT H = Ƥ BOE OP NBĨFS IPX UIF ĝIFSF JT EFGPSNFE QSPWJEFE OP
IPMFTBSFQVOČVSFEUIFSFCZDIBOHJOHUIFHFOVTUIFJOUFHSBMPOUIFMFĜ
Ǎ≠ ≠
6B;m`2 RXRXR, hQTQHQ;v Q7 +HQb2/ bm`7+2bX *HQb2/ bm`7+2b `2 iQTQHQ;B@
+HHv 2[mBpH2Mi B7 i?2 b?T2 i?2v +`2i2 b?`2b i?2 bK2 MmK#2` Q7 ?QH2b HX
h?Bb Bb #2+mb2 i?2 BMi2;`H Q7 i?2B` iQiH +m`pim`2 Bb  iQTQHQ;B+H BMp`BMi
i?i /2T2M/b QMHv QM H M/ Bb BMb2MbBiBp2 iQ Mv Qi?2` ;2QK2i`B+ T`QT2`iB2b-
++Q`/BM; iQ i?2 :mbb@"QMM2i i?2Q`2K URXkVX
TJEF PG 	ǉǊ
 XJMM BMXBZT ZJFME UIF TBNF SFTVMU BOE JT UIFSFGPSF B UPQP
MPHJDBM JOWBSJBOU ĉJT TBNF MJOF PG SFBTPOJOH BQQMJFT UP B UPSVT XIFSF
H = ƥ PS BOZ PUIFS DMPTFE TVSGBDF XJUI BOZ OVNCFS PG IPMFT "OZ
TIBQFT XJUI UIF TBNF OVNCFS PG IPMFT BSF DPOTJEFSFE UP CF UPQPMPHJ
DBMMZFRVJWBMFOUCFDBVTFUIFZTIBSFUIFTBNFUPQPMPHJDBMJOWBSJBOUBOE
DBO CF TNPPUIMZ EFGPSNFE JOUP FBDI PUIFS ĉJT UIFPSFN DBO BMTP CF
HFOFSBMJ[FEUPIJHIFSEJNFOTJPOBMDMPTFETVSGBDFT<Ǎ>
*OUPQPMPHJDBMMZPSEFSFEQIBTFTUIFUPQPMPHZPGSFMFWBODFJTVMUJNBU
FMZ UIBU PG UIF )JMCFSU ĝBDFmUIF NBUIFNBUJDBM ĝBDF ĝBOOFE CZ UIF
FMFČSPOJD XBWFGVOČJPOTmXIJDI DBO IBWF JOUSJOTJD DVSWBUVSF BOE CF
EFTDSJCFE CZ UPQPMPHJDBM JOWBSJBOUT ĉJT NBOJGFĞT JO UIF HFPNFUSJD
QSPQFSUJFTPGUIFQBSBNFUFSĝBDFPGUIF)BNJMUPOJBOEFTDSJCJOHBHJWFO
TZĞFN XIJDI JT B NPSF DPOWFOJFOU UIFPSFUJDBM MBOHVBHF UP VTF XIFO
EJTDVTTJOH UPQPMPHJDBM QIZTJDT *O B QJPOFFSJOH QBQFS <ǎ> ĉPVMFTT FU
ǎBM.NBEFUIFDPOOFČJPOCFUXFFOUPQPMPHZBOEUIFRVBOUJ[FE)BMMDPO
EVČJWJUZ TIPXJOHUIBUUIFJOUFHFSOJO	ǉǉ
JTBUPQPMPHJDBMJOWBSJBOU
DBMMFEB$IFSOOVNCFSUIBUEFTDSJCFTUIFUPQPMPHZPGUIF)JMCFSUĝBDF
BOEJTHJWFOCZBNPEJėFEGPSNVMBUJPOPGUIF(BVTT#POOFUUIFPSFN
O =
ƥ
ƦӍ
 
#;
[∇L × "(LY,LZ)][ EƦL 	ǉǋ

XJUI
" = −J⟨VL|∇L|VL⟩ 	ǉǌ

XIFSF UIF JOUFHSBM JT PWFS BMM UIF PDDVQJFE ĞBUFT JO UIF NBHOFUJD #SJM
MPVJO[POF<ǎǏ>BOEVL JTUIFQFSJPEJDQBSUPGUIF#MPDIXBWFGVOČJPO
<ǋ> ĉF#FSSZDVSWBUVSF ϕ = ∇L × "(LY,LZ)JTSFMBUFEUPUIF#FSSZ
QIBTF<ǐ>XIJDIJTRVBOUVNNFDIBOJDBMQIBTFQVSFMZHFPNFUSJDJOPSJ
HJOUIBUFMFČSPOXBWFGVOČJPOTDBOBDDVNVMBUFXIFODZDMJOHBDMPTFE
QBUI JO B QBSBNFUFS ĝBDF UIBU IBT JOUSJOTJD DVSWBUVSF 4JODF UIF #FSSZ
DVSWBUVSFJTPEEVOEFSUJNFSFWFSTBMӐYZ NVĞWBOJTIJOUIFBCTFODFPG
BO FYUFSOBM NBHOFUJD ėFME GPS JOWFSTJPO TZNNFUSJD TZĞFNT )PXFWFS
CFDBVTF ӐYZ JT QSPQPSUJPOBM UP B UPQPMPHJDBM 	$IFSO
 JOWBSJBOU JU DBO
OPUTNPPUIMZFWPMWFGSPN[FSPBTUIFNBHOFUJDėFMEJTWBSJFE *OĞFBE
JUNVĞKVNQGSPNPOFEJTDSFUFWBMVFUPBOPUIFSPODFUIFNBHOFUJDėFME
JTTVđDJFOUMZĞSPOHFOPVHIUPBMUFSUIFUPQPMPHZPGUIF)JMCFSUĝBDF
&RVBUJPO	ǉǋ
TIPXTUIBUUIFRVBOUVN)BMMDVSSFOUJTQSPQPSUJPOBM
UP UIF OVNCFS PG GVĞZ PDDVQJFE -BOEBV MFWFMTmBT UIF NBHOFUJD ėFME
Ǐ Quantum Hall insulator!
n = 1,2,3…
 Vacuum !
(ordinary insulator)!
n=0
Real Space Momentum Space
k
0 π/a -π/a
E
edge state
hωc
Ef
6B;m`2 RXRXk, h?2 [mMimK >HH BMbmHiQ`X J2iHHB+ +?B`H 2/;2 bii2b T@
T2` i i?2 #QmM/`v #2ir22M  [mMimK >HH BMbmHiQ` M/ M Q`/BM`v BM@
bmHiQ` bQ i?i i?2 /BbiBM+i >BH#2`i bT+2 iQTQHQ;B2b 2M+Q/2/ BM i?2 BMbmHiBM;
T?b2b +M +?M;2X
ǐĞSFOHUI JT UVOFE BOE NPSF -BOEBV MFWFMT TJOL CFOFBUI UIF 'FSNJ FO
FSHZ UIF JOEFY O JODSFBTFT BOE NPSF DPOEVČJPO DIBOOFMT PQFO ĉJT
JTTVSQSJTJOHCFDBVTFBDDPSEJOHUPUIFTFNJDMBTTJDBM#PMU[NBOOUIFPSZ
PG FMFČSPO USBOĝPSU <ǋ> GVMMZ PDDVQJFE CBOET TIPVME CF FMFČSJDBMMZ
JOTVMBUJOH #VJMEJOHPOFBSMJFSXPSLCZ-BVHIMJO<Ǒ>)BMQFSJOTIPXFE
UIBUGPSBTZĞFNXJUI)BMMDPOEVČJWJUZӐYZ = OF Ʀ/IUIFSFNVĞCFO
CSBODIFTPGNFUBMMJDPOFEJNFOTJPOBMDIJSBMFEHFĞBUFTDPOOFČJOHBE
KBDFOU -BOEBV MFWFMT BU UIF TBNQMF CPVOEBSZ XIFSF UIF DIJSBMJUZ JT TFU
CZUIFNBHOFUJDėFMEEJSFČJPO<'JHVSFǉǉǊ><ǉǈ> ĉFTFNFUBMMJDFEHF
ĞBUFT BSJTF CFDBVTF UIF OPOUSJWJBM UPQPMPHZ PG UIF JOTVMBUJOH ĞBUFT SF
ĝPOTJCMFGPSUIFRVBOUJ[FE)BMMDVSSFOUDBOOPUCFTNPPUIMZEFGPSNFE
JOUP UIF PSEJOBSZ JOTVMBUJOH ĞBUFT BU UIF TBNQMF CPVOEBSZ 	XIJDI JO
DMVEFTUIFWBDVVN
 ĉJTJTCFDBVTFUIFOPOUSJWJBMUPQPMPHZJTBEJTDSFUF
DIBSBČFSJĞJD PG HBQQFE FOFSHZ ĞBUFT BOE BT MPOH BT UIF HBQ SFNBJOT
PQFOUIFUPQPMPHZDBOOPUDIBOHF )FODFJOPSEFSGPSUIFUPQPMPHZUP
DIBOHFBUBOJOUFSGBDFUIFJOTVMBUJOHHBQNVĞDMPTFUIFSFCZGPSNJOHB
NFUBMMJDĞBUF ĉFFYUSFNFQSFDJTJPOJOXIJDIUIFDPOEVČJWJUZJTRVBO
UJ[FEXIJDIJTVOBĎFČFECZJNQVSJUZDPOUFOUJTCFDBVTFӐYZJTQSPQPS
UJPOBMUPBUPQPMPHJDBMJOWBSJBOUUIBUIBTBOJOUFHFSOBUVSF ĉJTUPQPMPH
JDBMQSPQFSUZNBOJGFĞTJOUIFGBČUIBUUIFNFUBMMJDFEHFĞBUFTBSFVOJ
EJSFČJPOBM UIF BCTFODF PG DPOEVČJPO DIBOOFMT NPWJOH JO UIF PQQP
TJUFEJSFČJPONBLFTCBDLTDBĨFSJOHJNQPTTJCMFUIVTUIF)BMMDVSSFOUJT
EJTTJQBUJPOMFTTXIJDIIBTNBEFTVDINBUFSJBMTBĨSBČJWFGPSFOFSHZFG
ėDJFOUFMFČSPOJDTUFDIOPMPHJFT 4JODFUIFSFBSFOPĝPOUBOFPVTMZCSP
LFO TZNNFUSJFT UP QSPCF JO UIF RVBOUVN )BMM JOTVMBUPS UIF QSFTFODF
ǑPGUIFTFNFUBMMJDĞBUFTBUUIFTBNQMFCPVOEBSZBČBTBOJEFOUJGZJOHTJH
OBUVSFPGUPQPMPHJDBMPSEFS
ǉǊ 5ļĹ ŅŊĵłŉŊŁ ňńĽł )ĵŀŀ ĽłňŊŀĵŉŃŇ ĵłĸ ;Ʀ ŉŃńŃŀŃĻĽķĵŀ
ŃŇĸĹŇ
ĉFRVBOUVN)BMMJOTVMBUPSHFOFSBUFEHSFBUJOUFSFĞUISPVHIPVUUIFDPO
EFOTFENBĨFSQIZTJDTDPNNVOJUZXIJDIRVJDLMZCFDBNFFBHFSUPEJT
DPWFSNPSFUPQPMPHJDBMMZPSEFSFEFMFČSPOJDQIBTFT 0GQBSUJDVMBSJOUFS
FĞ XBT FMJNJOBUJOH UIF OFFE GPS B ĞSPOH NBHOFUJD ėFME XIJDI DBO CF
EJđDVMU UP JNQMFNFOU JO FYQFSJNFOUT BOE UFDIOPMPHJDBM BQQMJDBUJPOT
"ĨFOUJPONPWFEUPĝJOPSCJUDPVQMJOHBTBQPTTJCMFBMUFSOBUJWFXIFSF
UIFĞBUJDOVDMFBSFMFČSJDėFMEJTSFMBUJWJĞJDBMMZUSBOTGPSNFEJOUPBOJO
USJOTJDĝJOEFQFOEFOUNBHOFUJDėFMEJOUIFSFGFSFODFGSBNFPGBNPW
JOH FMFČSPO <ǉǉ> 8IJMF ĝJOPSCJU DPVQMJOH EPFT OPU IBWF UIF OFDFT
TBSZTZNNFUSZUPJOEVDFUIFRVBOUVN)BMMJOTVMBUPS	JUEPFTOPUCSFBL
UJNFSFWFSTBMTZNNFUSZMJLFBNBHOFUJDėFME
TJNQMJėFENPEFMTJOUSP
EVDFEJO UIF FBSMZǊǈǈǈT TIPXFE UIBUJU DBO MFBEUP B OFX QIBTFDBMMFE
UIF RVBOUVN ĝJO )BMM JOTVMBUPS <ǉǊmǉǍ> ĉJT QIBTF DBO OBJWFMZ CF
UIPVHIU PG BT UXP DPQJFT PG UIF RVBOUVN )BMM TZĞFN XJUI PQQPTJUFMZ
ĝJOQPMBSJ[FE FEHF ĞBUFT UIBU QSPQBHBUF JO PQQPTJUF EJSFČJPOT <'JH
VSFǉǊǉ>TPBTUPQSFTFSWFUJNFSFWFSTBMTZNNFUSZ ĉFĝJOQPMBSJ[FE
FEHFĞBUFTDBSSZBDPOEVČJWJUZ
ǉǈZero%
magne*c%
ﬁeld%
Ef
k
E
Momentum Space
x
y
Real Space
6B;m`2 RXkXR, h?2 [mMimK bTBM >HH BMbmHiQ`X ai`QM; bTBM@Q`#Bi +QmTHBM;
`2TH+2b i?2 K;M2iB+ }2H/ BM i?2 [mMimK >HH 2z2+i iQ ;Bp2 irQ QTTQbBi2Hv
bTBM@TQH`Bx2/ 2/;2 bii2b i?i T`QT;i2 BM QTTQbBi2 /B`2+iBQMbX h?2b2 bii2b
7Q`K  bTBM@TQH`Bx2/ .B`+ +QM2 BM KQK2MimK bT+2 i?i bBib #2ir22M i?2
pHM+2 M/ +QM/m+iBQM #M/bX "+Fb+ii2`BM; Bb 7Q`#B//2M /m2 iQ i?2 #b2M+2
Q7 bBKBH` bTBM bii2b T`QT;iBM; BM i?2 QTTQbBi2 /B`2+iBQMX
Ӑ(↑)
YZ = O↑
FƦ
ƦI
; Ӑ(↓)
YZ = O↓
FƦ
ƦI
	ǉǍ

XIFSF O↑ = −O↓ *O NPNFOUVN ĝBDF UIFTF ĝJOQPMBSJ[FE FEHF
ĞBUFTMJOFBSMZEJĝFSTF JO PQQPTJUFEJSFČJPOT UPGPSN B %JSBDDPOFCF
UXFFOUIFWBMFODFBOEDPOEVČJPOCBOET<'JHVSFǉǊǉ> ĉFUPUBMDIBSHF
DPOEVČJWJUZJTHJWFOCZ
ӐYZ =( O↑ + O↓)
FƦ
ƦI
= Ƥ 	ǉǎ

ĉJTNVĞCFUIFDBTFCFDBVTFUIF)BMMDPOEVČJWJUZJOHFOFSBMDBOPOMZ
ǉǉCF OPO[FSP XIFO UJNFSFWFSTBM TZNNFUSZ JT CSPLFO XIJDI JT OPU UIF
DBTFXIFOĝJOPSCJUDPVQMJOHJTUIFESJWJOHNFDIBOJTN ĉFUPUBMĝJO
DPOEVČJWJUZPOUIFPUIFSIBOEJTOPO[FSP
Ӑ4
YZ =( O↑ − O↓)
F
ƨӍ
	ǉǏ

&RVBUJPOT 	ǉǎ
 BOE 	ǉǏ
 TIPX UIBU XIFO B MPOHJUVEJOBM FMFČSJD ėFME
JT BQQMJFE UIFSFJT B OFU RVBOUJ[FEUSBOTGFSPG ĝJO JO UIF USBOTWFSTFEJ
SFČJPOXJUIPVUBOZUSBOTGFSPGDIBSHF *UXBTQSPQPTFEUIBUUIJTQIBTF
JT UPQPMPHJDBMMZ PSEFSFE XJUI B UPQPMPHJDBM JOWBSJBOU HJWFO CZ UIF UP
UBM ĝJO $IFSO OVNCFS (O↑ − O↓) <ǉǌ> )PXFWFS BT XBT QPJOUFE PVU
CZ ,BOF BOE .FMF <ǉǍ> (O↑ − O↓) JT JOWBSJBOU POMZ XIFO Ӑ[ JT DPO
TFSWFE XIJDI UFOET UP CSFBL EPXO JO SFBM TZĞFNT EVF UP EJTPSEFS JO
UFSCBOE NJYJOH BOE JOUFSBČJPOT *O B NPSF SFBMJĞJD NPEFM ,BOF BOE
.FMFTIPXFEUIBUUIFUPQPMPHJDBMQSPQFSUJFTPGUIFRVBOUVNĝJO)BMM
JOTVMBUPSEPĞJMMTVSWJWFCVUBSFFODPEFEJOĞFBECZBĞBCMF;ƦUPQPMPH
JDBMJOWBSJBOUUIBUJTQBSUJDVMBSUPUJNFSFWFSTBMTZNNFUSJDTZĞFNT<ǉǍ>
*UFYQSFTTFTXIFUIFSUIFPOFEJNFOTJPOBMFEHFĞBUF'FSNJTVSGBDFTFO
DMPTF BO FWFO 	;Ʀ = Ƥ
 PS PEE 	;Ʀ = ƥ
 OVNCFS PG UJNFSFWFSTBM JO
WBSJBOU NPNFOUB <'JHVSF ǉǊǊ> *UT WBMVF ǈ PS ǉ EFUFSNJOFT XIFUIFS
UIFTZĞFNJTBOPSEJOBSZPSRVBOUVNĝJO)BMMJOTVMBUPSSFĝFČJWFMZ
1IZTJDBMMZUIFXBZUPBDIJFWFBOPOUSJWJBM;ƦUPQPMPHJDBMJOWBSJBOUJT
UISPVHICBOEJOWFSTJPO 0SEJOBSZJOTVMBUPSTBSFUZQJDBMMZDIBSBČFSJ[FE
CZBWBMFODFCBOEFEHFXJUIBQMJLFPSCJUBMDIBSBČFSBOEBDPOEVČJPO
ǉǊE"
EF"
Degeneracy%at%
k=0%protected%
by%CmeNreversal%
symmetry k
s-like
p-like
E" E"
EF#
k
Z2 = 1 (odd # band crossings 
& surface states)
Z2 = 0 (even # band crossings 
& surface states)
6B;m`2 RXkXk, ;Ʀ iQTQHQ;B+H Q`/2`X UG27iV ;Ʀ = ƥ iQTQHQ;B+H Q`/2` /2b+`B#2b
M Q// MmK#2` Q7 #M/ BMp2`bBQMb i iBK2@`2p2`bH BMp`BMi KQK2MiX h?2
Q// MmK#2` Q7 bm`7+2 bii2b i?i `2bmHi `2 T`Qi2+i2/ 7`QK QT2MBM;  ;T
#v iBK2@`2p2`bH bvKK2i`v- i?2`2#v 7mH}HHBM; i?2 `2[mB`2K2Mi i?i iQTQHQ;@
B+H T?b2b Q7 Kii2` ?p2 K2iHHB+ #QmM/`v bii2bX U_B;?iV ;Ʀ = Ƥ Q`/2`
/2b+`B#2b M Q`/BM`v BMbmHiQ`- r?B+? ?b M 2p2M MmK#2` Q7 bm`7+2 bii2bX
h?2b2 `2 7`22 iQ ?v#`B/Bx2 M/ QT2M M BMbmHiBM; 2M2`;v ;T rBi?Qmi pBQHi@
BM; iBK2@`2p2`bH bvKK2i`vX h?mb- Bi +MMQi #2  iQTQHQ;B+H T?b2X ;Ʀ iQTQ@
HQ;B+H Q`/2` TTHB2b iQ #Qi? i?2 [mMimK bTBM >HH BMbmHiQ` M/ i?2 iQTQ@
HQ;B+H BMbmHiQ`- r?2`2 BM i?2 Hii2` +b2 ӊƤ Bb i?2 T`iB+mH` ;Ʀ iQTQHQ;B+H
BMp`BMi Q7 `2H2pM+2X
ǉǋCBOE FEHF XJUI BO TMJLF PSCJUBM DIBSBČFS JO UIF TFOTF UIBU UIF XBWF
GVOČJPOT IBWF PEE 	BOUJTZNNFUSJD
 BOE FWFO 	TZNNFUSJD
 QBSJUZ SF
ĝFČJWFMZ "OPOUSJWJBM;ƦJOWBSJBOUBSJTFTXIFOĞSPOHĝJOPSCJUDPV
QMJOH DBVTFT UIF WBMFODF BOE DPOEVČJPO CBOET UP JOWFSU BO PEE OVN
CFSPGUJNFTBUUJNFSFWFSTBMJOWBSJBOUQPJOUTJONPNFOUVNĝBDF	MJLF
L = Ƥ
 XIJDI JOEVDFT B OPOUSJWJBM #FSSZ DVSWBUVSF PG UIF PDDVQJFE
ĞBUFT ĉF PEE OVNCFS PG FEHF ĞBUFT UIBU SFTVMU BSF QSPUFČFE GSPN
PQFOJOH B HBQ CZ UJNFSFWFSTBM TZNNFUSZ XIJDI SFRVJSFT UIBU &(L,↑
)=&(−L,↓) <'JHVSF ǉǊǊ MFĜ> "O FWFO OVNCFS PG DSPTTJOHT PO
UIF PUIFS IBOE JOEVDFT BO FWFO OVNCFS PG FEHF ĞBUFT UIBU BSF GSFF UP
IZCSJEJ[FBOEGPSNBOFOFSHZHBQ<'JHVSFǉǊǊSJHIU> ĉJTWJPMBUFTUIF
OFDFTTJUZ UIBU B NFUBM GPSN BU UIF JOUFSGBDF CFUXFFO B UPQPMPHJDBM BOE
PSEJOBSZQIBTFUIVTBOFWFOOVNCFSPGDSPTTJOHTDBOOPUCFUPQPMPHJ
DBMMZPSEFSFE
#FDBVTF UIF FEHF ĞBUFT GPSN B UJNFSFWFSTFE QBJS CBDLTDBĨFSJOH JT
QSPIJCJUFE<'JHVSFǉǊǉ>JOUIFBCTFODFPGNBHOFUJDJNQVSJUJFT	XIJDI
DBOĚJQUIFĝJO
BOEUSBOĝPSUJTJOIFSFOUMZEJTTJQBUJPOMFTT 6OMJLFUIF
RVBOUVN)BMMJOTVMBUPSUIFUPQPMPHJDBMQSPQFSUJFTPGUIFRVBOUVNĝJO
)BMMJOTVMBUPSBSFNBOJGFĞFEEJSFČMZJOJUTFEHFĞBUFFOFSHZEJĝFSTJPO
	JOUSJOTJDUPIPXUIF;ƦUPQPMPHJDBMJOWBSJBOUJTEFėOFE
 ĉJTQSPWJEFT
BOFYQFSJNFOUBMBEWBOUBHFGPSĞVEZJOHUPQPMPHJDBMJOWBSJBOUTCFDBVTF
UIFSFMFWBOUUFNQFSBUVSFTDBMFJTOPMPOHFSTFUCZUIFQIBTFDPIFSFODF
MFOHUIPGUIFNBOZCPEZXBWFGVOČJPOBTXJUIUIFRVBOUVN)BMMJOTV
MBUPS CVU JOĞFBE CZ UIF NBHOJUVEF PG UIF ĝJOPSCJU DPVQMJOH JOEVDFE
FOFSHZHBQ
ǉǌĉFėSĞSFBMQSPQPTBMGPSBRVBOUVNĝJO)BMMJOTVMBUPSXBTNBEFJO
ǊǈǈǎCZ#FSOFWJH)VHIFTBOE;IBOHGPSBQBSUJDVMBS)H5F	)H$E
5F
RVBOUVN XFMM IFUFSPĞSVČVSF <ǉǎ> )FBWZ FMFNFOUT BSF OFFEFE CF
DBVTFUIFQIBTFSFRVJSFTĞSPOHĝJOPSCJUDPVQMJOHUPJOEVDFCBOEJO
WFSTJPO *O ǊǈǈǏ ,POJH FU BM. FYQFSJNFOUBMMZ WFSJėFE UIF QIBTF JO UIF
QSPQPTFE )H5F	)H$E
5F RVBOUVN XFMM ĞSVČVSF UISPVHI BO JOUSJ
DBUFTFUPGDIBSHFDPOEVČBODFNFBTVSFNFOUT<ǉǏ> ĉFĝJOQPMBSJ[B
UJPOPGUIFFEHFĞBUFTIBTBMTPCFFODPOėSNFE<ǉǐ>
ǉǋ 5ļĹŉļŇĹĹĸĽŁĹłňĽŃłĵŀŉŃńŃŀŃĻĽķĵŀĽłňŊŀĵŉŃŇ
ĉF EJTDPWFSZ PG UIF RVBOUVN ĝJO )BMM JOTVMBUPS BOE UIF JNNFOTF
BNPVOUPGUIFPSFUJDBMEFWFMPQNFOUUIBUQBWFEUIFXBZXBTBNPNFO
UPVTBDIJFWFNFOU BTFDPOEUPQPMPHJDBMMZPSEFSFEQIBTFIBECFFOEJT
DPWFSFE )PXFWFS UIF QIBTF ĞJMM MFĜ TPNF UP CF EFTJSFE JO UIBU B GBC
SJDBUFEIFUFSPĞSVČVSFJTOFDFTTBSZMJLFXJUIUIFRVBOUVN)BMMJOTVMB
UPSXIJDINBLFTĞVEZJOHUIFCVSJFEPOFEJNFOTJPOBMFEHFĞBUFTEJG
ėDVMUXJUIBMMCVUFMFČSPOUSBOĝPSUUFDIOJRVFT ĉFDPNQMFYJUZPGUIF
QBSUJDVMBS IFUFSPĞSVČVSF SFRVJSFE BOE UIF POFEJNFOTJPOBMJUZ PG UIF
UPQPMPHJDBMFEHFĞBUFTBMTPMJNJUTQPUFOUJBMGVUVSFUFDIOPMPHJDBMBQQMJ
DBUJPOT ĉFTFMJNJUBUJPOTBOEHFOFSBMDVSJPTJUZNPUJWBUFEUIFOFFEUP
EJTDPWFSBUISFFEJNFOTJPOBMUPQPMPHJDBMMZPSEFSFEQIBTF
#VJMEJOHPOUIFUIFPSFUJDBMXPSLTUIBUMFEUPUIFEJTDPWFSZPGUIFRVBO
ǉǍUVNĝJO)BMMJOTVMBUPS<ǉǋmǉǍ>OFXUIFPSFUJDBMQSFEJČJPOTBSPTFCF
UXFFO Ǌǈǈǎ BOE ǊǈǈǏ TIPXJOH UIBU UISFFEJNFOTJPOBM JOTVMBUPST DBO
BMTP CF DIBSBČFSJ[FE CZ ;Ʀ UPQPMPHJDBM JOWBSJBOUT <ǉǑmǊǊ> )PXFWFS
JOĞFBEPGCFJOHDIBSBČFSJ[FECZBTJOHMF;ƦJOWBSJBOUJOTVMBUPSTJOUISFF
EJNFOTJPOT BSF EFTDSJCFE CZ GPVS ;Ʀ JOWBSJBOUT ӊƤ;(ӊƥӊƦӊƧ) PG XIJDI
POMZ ӊƤ JT SPCVĞ BHBJOĞ EJTPSEFS 0SEJOBSZ UISFFEJNFOTJPOBM JOTV
MBUPST BSF EFTDSJCFE CZ ӊƤ = Ƥ XIJMF ӊƤ = ƥ EFTDSJCFT BO JOUSJOTJ
DBMMZ UISFFEJNFOTJPOBM UPQPMPHJDBMMZ PSEFSFE QIBTF DBMMFE UIF ĞSPOH
UPQPMPHJDBM JOTVMBUPS <ǉǑ ǊǊ> PS KVĞ UPQPMPHJDBM JOTVMBUPS 4JNJMBS UP
UIFRVBOUVNĝJO)BMMJOTVMBUPSUPQPMPHJDBMJOTVMBUPSTBSJTFGSPNĝJO
PSCJU DPVQMJOH JOEVDFE CBOE JOWFSTJPO UIBU PDDVST BO PEE OVNCFS PG
UJNFTBUUJNFSFWFSTBMJOWBSJBOUNPNFOUBJOJOWFSTJPOTZNNFUSJDDSZT
UBMT<'JHVSFǉǊǊ><ǊǊ>
-JLFBMMUPQPMPHJDBMMZPSEFSFEQIBTFTXIFOBUPQPMPHJDBMJOTVMBUPSJT
JOUFSGBDFE XJUI BO PSEJOBSZ JOTVMBUPS MJLF UIF WBDVVN NFUBMMJD ĞBUFT
BQQFBS BU UIF CPVOEBSJFT TP UIBU UIF EJĞJOČ UPQPMPHJFT PG UIF JOTVMBU
JOH ĞBUFT DBO DIBOHF ĉJT SFTVMUT JO UIF BQQFBSBODF PG SPCVĞ UXP
EJNFOTJPOBMTVSGBDFĞBUFTUIBUXSBQBSPVOEUIFUISFFEJNFOTJPOBMCVML
JOTVMBUPS <'JHVSF ǉǋǉ> 4JNJMBS UP UIF RVBOUVN ĝJO )BMM JOTVMBUPS
UIFTF TVSGBDF ĞBUFT GPSN UJNFSFWFSTFE QBJST TP UIBU FMFČSPOT NPWJOH
JO PQQPTJUF EJSFČJPOT IBWF PQQPTJUF ĝJO QPMBSJ[BUJPOT XJUI UIF ĝJO
PSJFOUBUJPOMPDLFEQFSQFOEJDVMBSUPJUTEJSFČJPOPGNPUJPO *ONPNFO
UVNĝBDFUIFTFĞBUFTUBLFUIFGPSNPGBIFMJDBMMZĝJOQPMBSJ[FE%JSBD
DPOF UIBU TJUT CFUXFFO UIF CVML WBMBODF BOE DPOEVČJPO CBOET <'JH
ǉǎkx
ky
Real Space  Momentum Space
6B;m`2 RXjXR, h?2 iQTQHQ;B+H BMbmHiQ`X hrQ@/BK2MbBQMH K2iHHB+ iQTQ@
HQ;B+H bm`7+2 bii2b r`T `QmM/ i?2 i?`22@/BK2MbBQMH #mHF BMbmHiQ`X h?2
bm`7+2 bii2b `2 bTBM@TQH`Bx2/ M/ 7Q`K iBK2@`2p2`b2/ TB`b bQ i?i QTTQbBi2
bTBMb T`QT;i2 BM QTTQbBi2 /B`2+iBQMb rBi? i?2 bTBM Q`B2MiiBQM HQ+F2/ T2`@
T2M/B+mH` iQ Bib /B`2+iBQM Q7 KQiBQMX AM KQK2MimK bT+2- i?2b2 bii2b 7Q`K
 UmbmHHvV bBM;H2 ?2HB+HHv bTBM@TQH`Bx2/ .B`+ +QM2 i i?2 xQM2 +2Mi2` i?i
bTMb #2ir22M i?2 #mHF pH2M+2 M/ +QM/m+iBQM #M/bX h?2 .B`+ +QM2 Bb T`Q@
i2+i2/ 7`QK QT2MBM;  ;T #v iBK2@`2p2`bH bvKK2i`v (6B;m`2 RXkXk)X
ǉǏVSF ǉǋǉ> BOE JT QSPUFČFE GSPN PQFOJOH B HBQ CZ UJNFSFWFSTBM TZN
NFUSZ <'JHVSF ǉǊǊ> 4JODF UIFSF BSF OP DPVOUFSQSPQBHBUJOH ĞBUFT PG
UIF TBNF ĝJO QPMBSJ[BUJPO CBDLTDBĨFSJOH JT GPSCJEEFO JO UIF BCTFODF
PGOPONBHOFUJDJNQVSJUJFT ĉJTMFBETUPWFSZIJHITVSGBDFNPCJMJUJFT
POUIFPSEFSPGǉǈǈǈǈDNƦ7T<Ǌǋ>NBLJOHUPQPMPHJDBMJOTVMBUPSNB
UFSJBMTWFSZBĨSBČJWFDBOEJEBUFTGPSVTFJOGVUVSFMPXQPXFSFMFČSPOJDT
BQQMJDBUJPOT #FDBVTF BMM DVSSFOUT SVOOJOH UISPVHI UIF TVSGBDF ĞBUFT
BSFǉǈǈ%ĝJOQPMBSJ[FEBMBSHFTVSGBDFNBHOFUJ[BUJPODBOCFJOEVDFE
CZBNPEFĞFMFČSJDBMDVSSFOU ĉFTFBSFUIFMPOHTPVHIUNBUFSJBMQSPQ
FSUJFTOFDFTTBSZGPSWBSJPVTĝJOCBTFEBQQMJDBUJPOT<ǊǌmǊǏ>TVDIBTB
MPXQPXFSNBHOFUJ[BUJPOTXJUDI<ǊǍ> ĉJTBOEPUIFSUPQPMPHJDBMJOTVM
BUPSCBTFEĝJOUSPOJDEFWJDFBSDIJUFČVSFTBSFDVSSFOUMZCFJOHEFWFMPQFE
8IJMFUIFFRVJMJCSJVNQSPQFSUJFTPGUPQPMPHJDBMJOTVMBUPSTVSGBDFTBSF
OPWFMFWFONPSFFYPUJDQIZTJDTJTQSFEJČFEUPFNFSHFXIFOBHBQJTJO
EVDFEBUUIF%JSBDQPJOUPGUIFTVSGBDFĞBUFT 0OFXBZUIJTDBOCFEPOF
JTCZCSFBLJOHUJNFSFWFSTBMTZNNFUSZ XIJDIQSPUFČTUIF%JSBDQPJOU
GSPNPQFOJOHBHBQCZBQQMZJOHBNBHOFUJDėFME<ǊǌǊǐǊǑ>JOUSPEVD
JOHNBHOFUJDEPQBOUT<ǋǈǋǉ>PSUISPVHIBDPIFSFOUMJHIUNBĨFSJOUFS
BČJPOXJUIDJSDVMBSMZQPMBSJ[FEMJHIU<ǋǊ> 0ODFBDDPNQMJTIFETFWFSBM
OPWFMFĎFČTBSFQSFEJČFEUPPDDVSTVDIBTBIBMGJOUFHFSTVSGBDFRVBO
UVN )BMM FĎFČ <ǋǈ> UIF PCTFSWBUJPO PG JNBHF NBHOFUJD NPOPQPMFT
<ǋǋ>BOEBRVBOUJ[FE,FSSSPUBUJPOEVFUPBYJPOFMFČSPEZOBNJDT<ǋǌ>m
BDPODFQUCPSSPXFEGSPNQBSUJDMFQIZTJDTUIBUDBVTFTUIFMJHIUFMFČSJD
BOENBHOFUJDėFMETUPCFDPNFQBSBMMFM ĉFPUIFSNFBOTPGPQFOJOHB
HBQJTCZJOEVDJOHTVQFSDPOEVČJWJUZXIFSF.BKPSBOBGFSNJPOTmBIZ
ǉǐQPUIFUJDBMQBSUJDMFUIBUJTJUTPXOBOUJQBSUJDMFmBSFQSFEJČFEUPFNFSHF
<ǋǍ> 5P EBUF OPOF PG UIFTF FYPUJD FĎFČT IBWF CFFO PCTFSWFE MBSHFMZ
EVFUPUIFMBDLPGIJHIFOPVHIRVBMJUZNBUFSJBMTXIJDIXJMMCFEJTDVTTFE
MBUFS
ĉFėSĞSFBMJĞJDUPQPMPHJDBMJOTVMBUPSQSPQPTBMXBTNBEFCZ'VBOE
,BOFJOǊǈǈǏGPSUIFNBUFSJBM#Jƥ−Y4CY<ǊǊ> -BUFSUIBUZFBS)TJFIFUBM.
DPOėSNFEJUTUPQPMPHJDBMPSEFSCZEJSFČMZJNBHJOHUIFTVSGBDFĞBUFTVT
JOH VTJOH BOHMFSFTPMWFE QIPUPFNJTTJPO ĝFČSPTDPQZ 	"31&4
 <ǋǎ>
4IPSUMZ UIFSFBĜFS #JƦ4FƧ BOE #JƦ5FƧ XFSF QSFEJČFE BOE PCTFSWFE UP
CFUPQPMPHJDBMJOTVMBUPSTBTXFMM<ǋǏǋǐ> ĉFTFIBWFCFDPNFUIFĞBQMF
NBUFSJBMTPGUIFUPQPMPHJDBMJOTVMBUPSDPNNVOJUZCFDBVTFUIFZQPTTFTT
B TJOHMF %JSBD DPOF BT PQQPTFE UP #Jƥ−Y4CY XIJDI IBT ėWF 5P EBUF
UIFSF IBWF CFFO PWFS ǉǈǈ UPQPMPHJDBM JOTVMBUPST QSFEJČFE <ǋǑ> NBOZ
PG XIJDI IBWF CFFO FYQFSJNFOUBMMZ DPOėSNFE BMM JOWPMWJOH IFBWZ FMF
NFOUTGSPNUIFCPĨPNSJHIUIBOEDPSOFSPGUIFQFSJPEJDUBCMFUIBUIBWF
TVJUBCMZĞSPOHĝJOPSCJUDPVQMJOH
'JHVSF ǉǋǊ 	-FĜ
 TIPXT UIF DSZĞBM ĞSVČVSF GPS #JƦ4FƧ* U I B T B
IFYBHPOBMDSZĞBMĞSVČVSFBTNPĞUPQPMPHJDBMJOTVMBUPSNBUFSJBMTEP
XIFSF UIF VOJU DFMM JT B RVJOUVQMF MBZFS PG BMUFSOBUJOH 4F BOE #J QMBOFT
2VJOUVQMFMBZFSTBSFWBOEFS8BBMTCPOEFEBUUIF4F4FKVOČVSFTNBL
JOHUIFTFNBUFSJBMTWFSZDMFBWBCMFUPUIFQPJOUUIBUUIFZDBOCFNFDIBO
JDBMMZ FYGPMJBUFE UP GPSN TNBMM DSZĞBMT PG POMZ B GFX OBOPNFUFST UIJDL
<ǌǊ> 'JHVSF ǉǋǊ 	3JHIU
 TIPXT BO "31&4 JNBHF PG UIF #JƦ4FƧ UPQP
MPHJDBM TVSGBDF ĞBUFT XIFSF UIF TJOHMF MJOFBSMZ EJĝFSTJOH %JSBD DPOF
ǉǑCrystal structure Electronic structure
Bulk 
conduction 
band
Bulk 
valence 
band
Topological 
surface 
states
Bulk band gap 
~0.3 eV
6B;m`2 RXjXk, "BƦa2Ƨ +`vbiH M/ 2H2+i`QMB+ bi`m+im`2X UG27iV h?2 T`QiQ@
ivTB+H iQTQHQ;B+H BMbmHiQ` "BƦa2Ƨ ?b  ?2t;QMH +`vbiH bi`m+im`2 rBi? 
mMBi +2HH ;Bp2M #v  [mBMimTH2 Hv2` Q7 Hi2`MiBM; "B M/ a2 THM2b i?i `2
pM /2` qHb #QM/2/ i a2@a2 DmM+im`2bX 6B;m`2 TM2H `2T`BMi2/ 7`QK (9y)X
U_B;?iV _S1a BK;2 Q7 i?2 bm`7+2 2H2+i`QMB+ bi`m+im`2- r?B+? Bb ;Bp2M #v
 bBM;H2 HBM2`Hv /BbT2`bBM; .B`+ +QM2 i?i bBib #2ir22M i?2 #mHF pHM+2 M/
+QM/m+iBQM #M/bX 6B;m`2 TM2H `2T`BMi2/ 7`QK (9y)X
ǊǈDBOCFDMFBSMZTFFODPOOFČJOHUIFCVMLWBMBODFBOEDPOEVČJPOCBOET
4QJOQPMBSJ[FE "31&4 NFBTVSFNFOUT IBWF DPOėSNFE UIF IFMJDBM ĝJO
UFYUVSFPGUIFTVSGBDFĞBUFT<ǌǋǌǌ> #JƦ4FƧJTUIFNPĞDPNNPOMZĞVE
JFE UPQPMPHJDBM JOTVMBUPS CFDBVTF JU JT IBT POF PG UIF MBSHFĞ CVML CBOE
HBQT 	ǈǋ F7
 PG BMM UIF LOPXO UPQPMPHJDBM JOTVMBUPS NBUFSJBMT BOE JU
IBT POMZ B TJOHMF %JSBD DPOF XIJDI TJNQMJėFT UIJOHT #BOE HBQT UFOE
UPCFTNBMMJOUIFTFNBUFSJBMT	 ǈǋF7
PXJOHUPUIFGBČUIBUUIFZBSF
JOWFSUFEHBQTJOEVDFEUISPVHIĝJOPSCJUDPVQMJOH
8IJMF UIFSF IBT CFFO B MPU PG FYQFSJNFOUBM QSPHSFTT NBEF PWFS UIF
MBĞ GFX ZFBST JO VOEFSĞBOEJOH UPQPMPHJDBM JOTVMBUPST UIF QBDF PG EJT
DPWFSZIBTOPOFUIFMFTTCFFOTMPXHJWFOUIFMBSHFTJ[FPGUIFėFMEEVFUP
UIFMBDLPGJEFBMNBUFSJBMT *ONPĞFYQFSJNFOUTUIFCVMLFMFČSPOJDSF
ĝPOTFEPNJOBUFTPWFSUIFTVSGBDFDPOUSJCVUJPOEVFUPUIFDIBSBČFSJT
UJDBMMZTNBMMCBOEHBQTBOEJOUSJOTJDEPQJOHUIBUPDDVSTJOSFBMNBUFSJBMT
EVFUPBUPNJDWBDBODJFT<ǌǍ> 'PSUIJTSFBTPONPĞPGUIFNPSFFYPUJD
QSPQPTBMT JOWPMWJOH UPQPMPHJDBM JOTVMBUPST IBWF OPU CFFO SFBMJ[FE CF
DBVTF UIFZ SFRVJSF IBWJOH UIF 'FSNJ MFWFM BU UIF %JSBD QPJOU 8IJMF JO
TPNFTJUVBUJPOTUIJTDBOCFBDIJFWFEUISPVHIFMFČSPĞBUJDHBUJOH<ǌǊ>
JU IBT QSPWFO UP CF WFSZ EJđDVMU EVF UP IPX IJHIMZ EPQFE NPĞ UPQP
MPHJDBMNBUFSJBMTBSFBOEDBOOPUCFVTFEJOBMMFYQFSJNFOUBMDPOEJUJPOT
ĉJT IBT BMTP TMPXFE QSPHSFTT PO UIF BQQMJDBUJPOT FOE PG UIF SFTFBSDI
ĝFČSVNFĝFDJBMMZXIFODPNQBSFEUPHSBQIFOFUIFPOMZPUIFSLOPXO
UXPEJNFOTJPOBM%JSBDMJLFFMFČSPOHBT .PSFSFDFOUMZOFXUPQPMPHJ
DBMJOTVMBUPSNBUFSJBMTTVDIBT#JƦ5FƦ4FBOE#Jƥ.ƥ4CƤ.ƭ5FƦ4IBWFFNFSHFE
UIBU IBWF MPXFS JOUSJOTJD EPQJOH BOE DPNQBSBCMF CBOE HBQT UP #JƦ4FƧ
Ǌǉ<ǋǑ> ĉFTFNBUFSJBMTIBWFNBEFJTPMBUJOHUIFTVSGBDFDPOUSJCVUJPOFBT
JFSCVUOPOFUIFMFTTĞJMMEJđDVMUBOEEJTDPWFSJOHNPSFJEFBMUPQPMPHJDBM
JOTVMBUPSNBUFSJBMTSFNBJOTUIFMBSHFĞDIBMMFOHFJOUIFėFME
ĉF XPSLT QSFTFOUFE JO UIJT UIFTJT TIPX IPX MJHIU DBO CF VTFE UP
ĞVEZ UIF FMFČSPOJD SFĝPOTFPG UPQPMPHJDBM JOTVMBUPSTVSGBDFT EFĝJUF
UIF IJHI CVML DBSSJFS DPODFOUSBUJPOT UIBU PDDMVEF NBOZ FYQFSJNFOUBM
QSPCFT *O DIBQUFS Ǌ XF TIPX IPX QPMBSJ[FE MJHIU DBO CF VTFE UP TF
MFČJWFMZ JOEVDF BOE DPOUSPM FMFČSPO USBOĝPSU UIBU JT DPOėOFE UP UIF
TVSGBDF *ODIBQUFSǋXFEFNPOĞSBUFUIBUUIFTFDPOEIBSNPOJDHFOFS
BUJPOPGMJHIUGSPNBUPQPMPHJDBMJOTVMBUPSJTBTFOTJUJWFNFBTVSFPGWBSJ
PVTTVSGBDFFMFČSPOJDQSPQFSUJFT
ǊǊĉJTQBHFJTJOUFOUJPOBMMZMFĜCMBOL
Ǌǋ2
0QUPFMFČSPOJDNBOJQVMBUJPOPGFMFČSPOT
POUIFTVSGBDFPGBUPQPMPHJDBMJOTVMBUPS
5ļĹňŊŇĺĵķĹĹŀĹķŉŇŃłĽķňńĹķŉŇŊŁPGUIFUPQPMPHJDBMJOTVMBUPS#JƦ4FƧ
<ǋǏǋǐ>IBTCFFOTIPXOUPCFDIBSBČFSJ[FECZBTJOHMFIFMJDBM%JSBDEJT
QFSTJPO<ǌǏ>UIBUDBSSJFTB#FSSZQIBTFPGӍ ĉJTJTBUPQPMPHJDBMMZOPO
USJWJBMGFBUVSFUIBUEJČBUFTUIBUDPVOUFSQSPQBHBUJOHFMFČSPOTDBSSZPQ
QPTJUF ĝJO )FODF QVSF ĝJO DVSSFOUT XIJDI BSF B OFU ĚPX PG ĝJO
XJUIPVUBOFUĚPXPGDIBSHFQSPQBHBUFBMPOHUIFTVSGBDFTPGBUPQPMPH
JDBMJOTVMBUPSJOFRVJMJCSJVN<'JHVSFǊǈǉ> ĉFTFDBOCFWJFXFEBTUIF
ǊǌReal space Momentum space 
jleft jright
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6B;m`2 kXyXR, hQTQHQ;B+H BMbmHiQ` bTBM +m``2MibX Sm`2 bTBM +m``2Mib-
r?B+? `2  M2i ~Qr Q7 bTBM rBi?Qmi  M2i ~Qr Q7 +?`;2- T`QT;i2 QM i?2
bm`7+2b Q7  iQTQHQ;B+H BMbmHiQ` BM 2[mBHB#`BmKX h?2b2 +M #2 pB2r2/ b
i?2 bmKKiBQM Q7 irQ +QmMi2`@T`QT;iBM; 2H2+i`B+H +m``2Mib Q7 QTTQbBi2
bTBM TQH`BxiBQM- r?2`2 i?2 iQiH 2[mBHB#`BmK +?`;2 +m``2Mi KUPUBM Bb ;Bp2M #v
KUPUBM = KSJHIU + KMFGU = ƤX h?2 2H2+i`B+H +m``2Mi +QMi`B#miBQM +``B2/ #v  ;Bp2M
bii2 Bb ;Bp2M #v i?2 bHQT2 Q7 Bib 2M2`;v@KQK2MimK /BbT2`bBQM K ∝ ∂&/∂L (RR)X
6B;m`2 TM2H `2T`BMi2/ 7`QK (9e)X
TVNNBUJPOPGDPVOUFSQSPQBHBUJOHDIBSHFDVSSFOUTPGFRVBMNBHOJUVEF
BOEPQQPTJUFĝJOQPMBSJ[BUJPOTPUIFUPUBMFRVJMJCSJVNDIBSHFDVSSFOU
JT [FSP "QQMZJOH B WPMUBHF CFUXFFO UXP FMFČSJDBM DPOUBČT EFQPTJUFE
POUIFTVSGBDFPGBUPQPMPHJDBMJOTVMBUPSUJQTUIJTFRVJMJCSJVNCBMBODFTP
UIBUPOFĝJOQPMBSJ[FEDIBSHFDVSSFOUEPNJOBUFTPWFSUIFPUIFSUSBOT
GPSNJOH UIF QVSF ĝJO DVSSFOU JOUP B ǉǈǈƻ ĝJOQPMBSJ[FE OFU FMFČSJ
DBM DVSSFOU UIBU ĚPXT CFUXFFO UIF DPOUBČT ĉJT BMPOH XJUI UIF FY
USFNFMZIJHITVSGBDFFMFČSPONPCJMJUJFTUIBUIBWFCFFONFBTVSFE<Ǌǋ>
BSFUIFMPOHTPVHIUNBUFSJBMQSPQFSUJFTOFFEFEUPSFBMJ[FNBOZQSPQPT
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FIG. 1. (a) Schematic of a time-of-ﬂight based angle-resolved
photoemission spectrometer. PSD: position-sensitive detec-
tor. (b) A typical iso-intensity surface in (E,kx,k y)s p a c e
from Bi2Se3 collected simultaneously using linearly polarized
photons. (c) Diﬀerence of TOF-ARPES data measured using
right- and left-circularly polarized light. hν denotes the inci-
dent photon direction. (d) E − k cut through the CD data
volume in (c) along the angle denoted by the green dash in (e).
(e-h) Constant energy slices through (c) at the Fermi level and
at 0.1eV above the DP (insets) for sample rotation angles of
φ =0
◦,30
◦,60
◦ and 90
◦ respectively. Green hexagons repre-
sent the Brillouin zone of Bi2Se3(111), red lines are the mirror
planes and the arrow denotes the photon incident direction.
shows that at a constant energy the sign of CD is re-
versed for states of opposite momentum and is reversed
again across the DP. Furthermore, the CD pattern is in-
variant under rotation (φ) of the crystal mirror plane
relative to the scattering plane [Figs. 1(e)-(h) insets].
These behaviors match the known in-plane spin texture
in the low energy region, which are tangential to the ro-
tationally isotropic constant energy contours [4, 5] and
reverse chirality across the DP.
The CD patterns change drastically away from the
low energy region (|E| > 0.1eV), where the Fermi sur-
face evolves from being circular to hexagonal in shape
[19, 23]. Here we observe new modulations in the magni-
tude and sign of CD as a function of the angle θ around
the constant energy contours [Figs.1(e)-(h)]. In partic-
ular, extrema along the ky axis (at θ =9 0 ◦ and 270◦)
at low energy [Figs. 1(e)-(h) insets] become nodes in the
high energy φ =0 ◦ spectrum [Fig. 1(e)]. Furthermore,
in stark contrast to the low energy region, CD patterns
at high energy undergo dramatic changes as φ is varied.
For instance, the nodes along ky in the Fig. 1(e) spec-
trum become extrema again in the φ =6 0 ◦ spectrum
[Fig. 1(g)] and only repeats itself under φ =1 2 0 ◦ rota-
tions, consistent with the symmetry of the underlying lat-
tice. This is reminiscent of the predicted θ dependence of
the out-of-plane component of spin ⟨Sz⟩ at high energies
[19, 20], which goes from minimum to maximum under
φ =6 0 ◦ rotation. Such behavior has been observed us-
ing Mott polarimetry only in Bi2Te3 [5] but not in Bi2Se3
[6] owing to the much larger value of ⟨Sz⟩ in the former.
Given that the overall CD patterns observed closely fol-
low the predicted spin-texture of the SS, we investigate
their possible connection by developing a standard model
of photoemission from topological SS.
The microscopic Hamiltonian for a system with spin-
orbit coupling is given by:
H =
⃗ P 2
2m
+ V (⃗ r)+
 
4m2c2(⃗ P × ⃗ ∇V ) ·⃗ s (1)
where ⃗ P is momentum operator, V (⃗ r) is the crystal po-
tential, and ⃗ s is the electron spin. Coupling to an elec-
tromagnetic ﬁeld is obtained via ⃗ P → ⃗ P − e⃗ A,w h e r e⃗ A
is the photon vector potential, such that to ﬁrst order in
⃗ A:
H(⃗ A)=H − ⃗ P·⃗ A (2)
where ⃗ P ≡ e
m ⃗ P −  e
4m2c2(⃗ ∇V ×⃗ s). The photoemission ma-
trix element between the initial and ﬁnal states is given
by
M(⃗ k,f)=⟨f⃗ k| ⃗ P·⃗ A|⃗ k⟩ (3)
where ⃗ A ≡
 
dt⃗ A(t)eiωt is the Fourier transform of
⃗ A and |f⃗ k⟩ is the bulk ﬁnal state. The initial state
|⃗ k⟩ = u⃗ k|φi
+⟩ + v⃗ k|φi
−⟩ is a linear combination of two-
fold degenerate pseudospin states |φi
±⟩ at the DP that
are eigenstates of total angular momentum (orbital plus
spin), which is widely used in standard k · p descrip-
tions of topological SS [2, 17, 19, 24]. Because of strong
spin-orbit coupling, only pseudospin is a good quan-
tum number [19]. The coeﬃcients u⃗ k and v⃗ k deter-
mine the expectation value of three pseudospin compo-
nents: ⟨Sx⟩⃗ k =  (u∗
⃗ kv⃗ k +v∗
⃗ ku⃗ k), ⟨Sy⟩⃗ k =  (v∗
⃗ ku⃗ k −iu∗
⃗ kv⃗ k),
⟨Sz⟩⃗ k =  (|u⃗ k|2 − |v⃗ k|2). Importantly, because spin
is directly proportional to pseudospin [19], we refer to
the two interchangeably. For circularly polarized light
incident onto the surface with wavevector in the xz
plane, ⃗ A(t)=( Ax sinωt,Ay cosωt,Az sinωt)a n d ⃗ A =
(−iAx,A y,−iAz). Straight-forward application of time-
reversal and crystal symmetries [21] yield the following
expression for the photoemission transition rate:
I(⃗ k)=a
2  
|Ax|
2 + |Ay|
2 
+ b
2|Az|
2 + a
2Im
 
AxA
∗
y
 
⟨Sz⟩⃗ k
+2 abIm[A∗
xAz⟨Sy⟩⃗ k − A∗
yAz⟨Sx⟩⃗ k]( 4 )
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ǋǊOBOPNFUSJD UIJDLOFTT BOE EFQPTJUJOH UIFN PO B 4J0Ʀ TVSGBDF #JƦ4FƧ
ĚBLFTNFBTVSFEJOUIJTĞVEZBSFǉǊǈONUIJDLBOEUZQJDBMMZǋǍӉNXJEF
BOEǍ ӉNMPOH 4VJUBCMFĚBLFTPGBTNPPUIUPQTVSGBDFXFSFJEFOUJėFE
VTJOHPQUJDBMBOE"'.JNBHJOHUFDIOJRVFT ĉFĚBLFTXFSFDPOUBČFE
CZ FWBQPSBUFE FMFČSPEFT 	Ǎ ON 5J ǉǈǈ ON "M
 QBĨFSOFE VTJOH ĞBO
EBSEFMFČSPOCFBNMJUIPHSBQIZQSPDFEVSFT
'JHVSFǊǊǊ	B
TIPXTBCMPDLEJBHSBNPGUIFFYQFSJNFOUVTFEUPHFO
FSBUF BOE EFUFČ QIPUPDVSSFOUT JO #JƦ4FƧ EFWJDFT ǐǈ GT QVMTFT PG ǐǈǈ
ON 	ǉǍ F7
 MBTFS MJHIU BSF EFSJWFE GSPN B 5JTBQQIJSF PTDJMMBUPS BU B
SFQFUJUJPO SBUF PG ǐǈ .)[ ĉF CFBN JT DIPQQFE BU Ǎ L)[ GPS MPDLJO
EFUFČJPOUIFOQBTTFEUISPVHIBOBEKVĞBCMFJOUFOTJUZ	*
ėMUFS " Ӈǌ
XBWFQMBUFJTVTFEUPTFUUIFMBTFSQPMBSJ[BUJPO UIFOUIFMJHIUJTGPDVTFE
XJUI B MFOT UP B ǉǈǈ ӉN ĝPU TJ[F UP DPNQMFUFMZ JMMVNJOBUF B EFWJDF "
ǍǈYNJDSPTDPQFPCKFČJWFBOEBIJHISFTPMVUJPO$$%DBNFSBBSFVTFE
UP BMJHO UIF EFWJDF QPTJUJPO UP UIF DFOUFS PG UIF GPDVTFE CFBN XJUI BO
BDDVSBDZPG∼ǉ ӉN "MJHONFOUJTEPOFCZBEKVĞJOHUIFDSZPĞBUQPTJ
UJPO XIJDI JT NPVOUFE PO B UISFFBYJT USBOTMBUJPO ĞBHF ĉF JOEVDFE
QIPUPDVSSFOUT	KZ
BSFNFBTVSFEBDSPTTVOCJBTFEFYGPMJBUFE#JƦ4FƧ EF
WJDFT <'JHVSF ǊǊǊ	C
> ĉF QIPUPDVSSFOU TJHOBMT BSF QBTTFE UISPVHI
B MPX OPJTF DVSSFOUUPWPMUBHF QSFBNQMJėFS UIFO JOUP B MPDLJO GPS EF
UFČJPO XIJDI JT TZODFE UP UIF DIPQQFS GSFRVFODZ 1PMBSJ[BUJPO EF
QFOEFOUQIPUPDVSSFOUTBSFJEFOUJėFECZNFBTVSJOHKZXIJMFSPUBUJOHUIF
Ӈ/ƨXBWFQMBUFCZBOBOHMF һXIJDIWBSJFTUIFMBTFSQPMBSJ[BUJPOXJUIB
ǉǐǈ◦QFSJPEGSPNMJOFBSMZ1QPMBSJ[FEJOUIFTDBĨFSJOHQMBOF	һ = Ƥ◦
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6B;m`2 kXkXk, S?QiQ+m``2Mi ;2M2`iBQM M/ /2i2+iBQMX UV "HQ+F /B;`K
Q7 i?2 2tT2`BK2MiH HvQmiX a22 KBM i2ti 7Q` /2b+`BTiBQMX U#V a+?2KiB+ Q7
i?2 2tT2`BK2MiH ;2QK2i`vX h?2 Hb2` #2K Bb BM+B/2Mi QM i?2 /2pB+2 i i?2
Qmi@Q7@THM2 M;H2 υ /2}M2/ 7`QK i?2 tv@THM2 M/ i?2 BM@THM2 M;H2 ϒX
S?QiQM TQH`BxiBQM p`B2/ #v `QiiBM; i?2 Ӈ/ƨ rp2THi2 UZqSV M/ T?QiQ@
BM/m+2/ +m``2Mib KZ `2 K2bm`2/X 6B;m`2 TM2H `2T`BMi2/ 7`QK (9e)X
ǋǌUPMFĜDJSDVMBS	һ = ƨƩ◦
UP1	һ = ƭƤ◦
UPSJHIUDJSDVMBS	һ = ƥƧƩ◦

UP 1 	һ = ƥƬƤ◦
 1IPUPDVSSFOUEBUBBSF DPSSFČFEGPS TNBMM WBSJBUJPOT
JOMBTFSJOUFOTJUZBTBGVOČJPOPGһEVFUPӇ/ƨXBWFQMBUFJNQFSGFČJPOT
ĉF BOHMF PG JODJEFODF PG MJHIU PO B EFWJDF JT JNQPSUBOU GPS JEFOUJGZ
JOH WBSJPVT QIPUPDVSSFOU DPOUSJCVUJPOT ĉF BOHMFT υ BOE ϒ <'JHVSF
ǊǊǊ	C
>BSFWBSJFECZBEKVĞJOHUIFEFWJDFQPTJUJPOXJUIJOUIFDSZPĞBU
SFMBUJWF UP UIF JODJEFOU MBTFS CFBN XIJDI JT ėYFE 0QUJDBM BCTPSQUJW
JUZNFBTVSFNFOUTXIJDIBSFQSFTFOUFEJOTFČJPOǊǊǋBSFQFSGPSNFE
CZNFBTVSJOHUIFSFĚFČJWJUZPOCVMLTJOHMFDSZĞBMTPG#JƦ4FƧ GSPNUIF
TBNFNBUFSJBMCBUDIVTFEUPNBLFEFWJDFT
ǊǊǊ 5ļĹŇŁŃĹŀĹķŉŇĽķńļŃŉŃķŊŇŇĹłŉň
0XJOH UP UIF IJHI UIFSNPFMFČSJD QPXFS PG #JƦ4FƧ <ǍǍ> MBTFS JOEVDFE
IFBU HSBEJFOUT JO UIF TBNQMF DBO DBVTF B CVML UIFSNPFMFČSJD DVSSFOU
CBDLHSPVOEJOBEEJUJPOUPBOZQIPUPDVSSFOUTHFOFSBUFE 5PJTPMBUFUIF
QIPUPDVSSFOUSFĝPOTFXFWBSZUIFIFBUHSBEJFOUCFUXFFOUIFDPOUBČT
CZ TXFFQJOH UIF MBTFS ĝPU QPTJUJPO 	Z
 BDSPTT UIF #JƦ4FƧ EFWJDF <'JH
VSF ǊǊǋ	B
> BU B ėYFE QPMBSJ[BUJPO 	һ = Ƥ◦
 8F ėOE UIBU B DVSSFOU
EFWFMPQTUIBUTXJUDIFTQPMBSJUZBDSPTTUIFTBNQMFBOEJTėOJUFFYBČMZBU
UIF DFOUFS PG UIF TBNQMF 	Z  ǈ
 ĉF DPOUSJCVUJPO UP KZ UIBU TXJUDIFT
QPMBSJUZ DBO CF BĨSJCVUFE UP B UIFSNPFMFČSJD DVSSFOU XJUI FMFČSPO
MJLFDBSSJFSTXIJDIJTDPOTJĞFOUXJUIPVSOUZQFOBUJWF#JƦ4FƧ 0OUIF
PUIFS IBOE UIF ėOJUF DPOUSJCVUJPO UP KZ BU Z  ǈ XIFSF UIF TBNQMF JT
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6B;m`2 kXkXj, h?2`KQ2H2+i`B+ +m``2Mib M/ HBM2` `2bTQMb2X UV KZ/* rBi?
HB;?i Q#HB[m2Hv BM+B/2Mi i υ = Ʃƪ◦ BM i?2 tx@THM2 b  7mM+iBQM Q7 #2K 7Q+mb
TQbBiBQM v i `QQK i2KT2`im`2 r?2`2 v 4 y Bb i?2 +2Mi2` Q7 i?2 bKTH2X U#V
KZ b  7mM+iBQM Q7 Hb2` BMi2MbBiv * i v 4 y i R8 EX 6B;m`2 TM2Hb `2T`BMi2/
7`QK (9e)X
FWFOMZ IFBUFE BOE UIF UIFSNPFMFČSJD DVSSFOU TIPVME CF NJOJNBM DBO
CFBĨSJCVUFEUPBQIPUPDVSSFOUUIBUNBZFODPEFBĝFČTPGUIFTVSGBDF
ĞBUFTFMFČSPOJDSFĝPOTFUPMJHIU 'JHVSFǊǊǋ	C
TIPXTUIBUUIJTDVS
SFOUTDBMFTMJOFBSMZXJUIMBTFSJOUFOTJUZXIJDIJTBDIBSBČFSJĞJDGFBUVSF
PGBQIPUPDVSSFOU<TFFTFČJPOǊǊǍ> "MMTVCTFRVFOUNFBTVSFNFOUTJO
TFČJPOǊǊǋBSFQFSGPSNFEBUZǈBOEJOUIJTMPXMBTFSJOUFOTJUZSFHJNF
	*ǎǈ8DNƦ
XIFSFTBNQMFIFBUJOHJTNJOJNJ[FE "EEJUJPOBMJOUFO
TJUZEFQFOEFODFĞVEJFTDBOCFGPVOEJOTFČJPOǊǊǍ
ǋǎǊǊǋ 1ŃŀĵŇĽŐĵŉĽŃłĸĹńĹłĸĹłŉńļŃŉŃķŊŇŇĹłŉň
5PJOWFĞJHBUFUIFSPMFPGĝJOJOHFOFSBUJOHUIFQIPUPDVSSFOUXFNFB
TVSFUIFMJHIUQPMBSJ[BUJPOEFQFOEFODFPGKZ BUZǈ 'JHVSFǊǊǌTIPXT
UIBUXIFOMJHIUJTPCMJRVFMZJODJEFOUJOUIFY[QMBOFKZFYIJCJUTBĞSPOH
QPMBSJ[BUJPOEFQFOEFODFUIBUJTDPNQSJTFEPGGPVSDPNQPOFOUT
KZ(һ)=$TJO(Ʀһ)+-ƥTJO(ƨһ)+-ƦDPT(ƨһ)+% 	ǊǊ

ĉFDPFđDJFOU$QBSBNFUFSJ[FTBIFMJDJUZEFQFOEFOUQIPUPDVSSFOUCF
DBVTF SPUBUJOH UIF Ӈ/ƨ XBWFQMBUF WBSJFT UIF MJHIU QPMBSJ[BUJPO CFUXFFO
MFĜ BOE SJHIUDJSDVMBS XJUI UIF GVOČJPOBM GPSN TJO(Ʀһ) ĉF IFMJDJUZ
EFQFOEFODFJOEJDBUFTUIBU$JTHFOFSBUFEUISPVHIBĝJOEFQFOEFOUQSP
DFTT ĉJT JT CFDBVTF MFĜ BOE SJHIUDJSDVMBSMZ QPMBSJ[FE MJHIU QSFGFSFO
UJBMMZJOUFSBČXJUIPQQPTJUFĝJOQPMBSJ[BUJPOTUIBUBSFFJUIFSBMJHOFEPS
BOUJBMJHOFE UP UIF MJHIUT XBWFWFČPS <Ǎǈ> EFQFOEJOH PO UIF IFMJDJUZ
<TFFTFČJPOǊǉ> ĉFPUIFSDPFđDJFOUTJO	ǊǊ
QBSBNFUFSJ[FIFMJDJUZ
JOEFQFOEFOU QIPUPDVSSFOUT UIBU EFQFOE PO UIF MJOFBS QPMBSJ[BUJPO PG
MJHIU	-ƥBOE-Ʀ
BOEUIBUBSFQPMBSJ[BUJPOJOEFQFOEFOU	%
XIJDIXJMM
CFEJTDVTTFEMBUFS
8FOPXNPWFUPVOEFSĞBOEJGUIFĝJONFEJBUFEQIPUPDVSSFOU$JT
HFOFSBUFECZĞBUFTJO UIFIFMJDBM%JSBDDPOFUISPVHIUIF DJSDVMBSQIP
UPHBMWBOJDFĎFČ *GUIJTJTUIFDBTFJUTIPVMECFQPTTJCMFUPEFEVDFUIF
ǋǏ6B;m`2 kXkX9, S?QiQ+m``2Mi TQH`BxiBQM /2T2M/2M+2 Utx@THM2VX KZ(һ)/*
rBi? HB;?i Q#HB[m2Hv BM+B/2Mi i υ = Ʃƪ◦ BM i?2 tx@THM2 i R8EX h?2 bQHB/ `2/
HBM2 Bb  }i iQ UkXkV M/ i?2 }i `2bmHib `2 b?QrMX 6B;m`2 TM2Hb `2T`BMi2/ 7`QK
(9e)X
TVSGBDFĞBUFĝJOEJĞSJCVUJPOCZDPNQBSJOHUIFNBHOJUVEFPG$BUEJG
GFSFOU MJHIU BOHMFT PG JODJEFODF #FDBVTF $ JT HFOFSBUFE USBOTWFSTF UP
UIF MJHIU TDBĨFSJOH QMBOF 	Y[QMBOF
 JO 'JHVSF ǊǊǌ UIF PQQPTJOH ĝJO
QPMBSJ[BUJPOTUIBUBSFFYDJUFECZUIFEJĎFSFOUIFMJDJUJFTNVĞIBWFBĝJO
DPNQPOFOUJOUIFY[QMBOFBOECFBTZNNFUSJDBMMZEJĞSJCVUFEBMPOHUIF
ZEJSFČJPOJOLĝBDF ĉJTJTDPOTJĞFOUXJUIUIFIFMJDBMĝJOEJĞSJCV
UJPOPGUIFTVSGBDF%JSBDDPOF 'JHVSFǊǊǍTIPXTUIBU$CFDPNFTWFSZ
TNBMMXIFOMJHIUJTPCMJRVFMZJODJEFOUJOUIFZ[QMBOFTVDIUIBUUIFEF
WJDFDPOUBČTMJFJOUIFMJHIUTDBĨFSJOHQMBOF ĉJTJOEJDBUFTUIBUUIFFMFD
USPOT JOWPMWFE JO HFOFSBUJOH $ IBWF B ĝJO QPMBSJ[BUJPO UIBU JT MPDLFE
QFSQFOEJDVMBSUPUIFJSMJOFBSNPNFOUVNXIJDIJTBMTPDPOTJĞFOUXJUI
UIFIFMJDBMĝJOUFYUVSFPGUIFTVSGBDFĞBUFT 8IFOMJHIUJTOPSNBMMZJODJ
EFOU$DPNQMFUFMZWBOJTIFT<'JHVSFǊǊǎ>XIJDIJTDIBSBČFSJĞJDPGBO
ǋǐ6B;m`2 kXkX8, S?QiQ+m``2Mi TQH`BxiBQM /2T2M/2M+2 Uvx@THM2VX KZ(һ)/*
rBi? HB;?i Q#HB[m2Hv BM+B/2Mi i υ = Ʃƪ◦ BM i?2 vx@THM2 i R8EX h?2 bQHB/ `2/
HBM2 Bb  }i iQ UkXkV M/ i?2 }i `2bmHib `2 b?QrMX 6B;m`2 TM2Hb `2T`BMi2/ 7`QK
(9e)X
JOQMBOFĝJOEJĞSJCVUJPOCVUJTNPSFGVOEBNFOUBMMZSFRVJSFEUPWBOJTI
CZUIFJOQMBOFSPUBUJPOBMTZNNFUSZPG#JƦ4FƧ <ǌǑ> 5PHFUIFSUIFTFSF
TVMUTSFWFBMUIBUUIFIFMJDJUZEFQFOEFOUQIPUPDVSSFOU$BSJTFTGSPNUIF
BTZNNFUSJDPQUJDBMFYDJUBUJPOPGUIFIFMJDBM%JSBDDPOFUISPVHIUIFDJS
DVMBSQIPUPHBMWBOJDFĎFČ
)BWJOHJEFOUJėFEUIBU$BSJTFTGSPNUIF%JSBDDPOFXFTFFLUPVOEFS
ĞBOE JG UIF DPOUSJCVUJPOT -ƥ -Ʀ BOE % JO 'JHVSF ǊǊǌ BMTP TIBSF UIJT
PSJHJO *O HFOFSBM UIF JOUFSCBOE USBOTJUJPO QSPCBCJMJUJFT UIBU TFU QIP
UPDVSSFOUNBHOJUVEFTDBOCFIJHIMZUFNQFSBUVSF	5
EFQFOEFOUPXJOH
UPUIFUIFSNBMCSPBEFOJOHPGUIF'FSNJEJĞSJCVUJPOBOETNBMMDIBOHFT
JOUIFFMFČSPOJDĞSVČVSFEVFUPDIBOHFTJOUIFFMFČSPOQIPOPODPV
QMJOH ĞSFOHUI <Ǎǎ> ĉFSFGPSF UP VOEFSĞBOE JG -ƥ -Ʀ BOE % BSF HPW
ǋǑ6B;m`2 kXkXe, S?QiQ+m``2Mi TQH`BxiBQM /2T2M/2M+2 UMQ`KH BM+B/2M+2VX
KZ(һ)/* rBi? HB;?i MQ`KHHv BM+B/2Mi i υ = ƭƤ◦ M/ ϒ = ƥƬƤ◦ bQ i?i i?2 Hb2`
2H2+i`B+ }2H/ Bb T2`T2M/B+mH` iQ i?2 +QMi+ib i һ = Ƥ◦ i R8EX h?2 bQHB/ `2/
HBM2 Bb  }i iQ UkXkV M/ i?2 }i `2bmHib `2 b?QrMX 6B;m`2 TM2Hb `2T`BMi2/ 7`QK
(9e)X
FSOFECZUIFTBNFJOUFSCBOEUSBOTJUJPOTUIBUHJWFSJTFUP$XFDPNQBSF
UIFJS EFUBJMFE 5 EFQFOEFODF ĉF JOTFU PG 'JHVSF ǊǊǏ	B
 TIPXT UIBU
UIF GSBČJPO PG JODJEFOU QIPUPOT BCTPSCFE CZ UIF TBNQMF UIF BCTPSQ
UJWJUZ FYIJCJUT B TIBSQ EFDSFBTF BT 5 JT SBJTFE GSPN ǉǍ , ĉJT JT HFO
FSBMMZ DPOTJĞFOU XJUI UIF 5 EFQFOEFODFT FYIJCJUFE CZ $ -ƥ -Ʀ BOE
%<'JHVSFǊǊǏ	B
> )PXFWFS UIFSFBSFUXPDMFBSMZEJĞJOČ TFUTPG CF
IBWJPS $BOE-ƥ EFDSFBTFNPOPUPOJDBMMZUPBDPOĞBOUBOEėOJUFWBMVF
CFUXFFOǎǈǊǑǋ,XIFSFBT%BOE-Ʀ EFDSFBTFJEFOUJDBMMZUP[FSPBĜFS
VOEFSHPJOHBQPMBSJUZSFWFSTBMCFUXFFOǎǈǊǈǈ,ĉFTJNJMBSCFIBWJPS
TIBSFECZ-ƥBOE$ĞSPOHMZJOEJDBUFTUIBUUIFJSHFOFSBUJPONFDIBOJTNT
BSFEFFQMZSFMBUFEBOEUIBU-ƥNBZBMTPIBWFB%JSBDDPOFPSJHJO 0OUIF
PUIFSIBOEUIF%BOE-Ʀ QIPUPDVSSFOUTMJLFMZTIBSFBEJĎFSFOUPSJHJO
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Fig.3 Gedik 6B;m`2 kXkXd, S?QiQ+m``2Mi i2KT2`im`2 /2T2M/2M+2 M/ #bQ`TiBpBivX
UV 6Bi `2bmHib 7Q` KZ(һ)/* b  7mM+iBQM Q7 i2KT2`im`2 7Q` i?2 ;2QK2i`v BM
6B;m`2 kXkX9X AMb2i, PTiB+H #bQ`TiBpBiv b  7mM+iBQM Q7 i2KT2`im`2 rBi? 1@
TQH`Bx2/ HB;?i Uһ = ƤV i υ = Ʃƪ◦X U#V S2`+2Mi +?M;2 Q7 i?2 #bQ`TiBpBiv M/
-Ʀ+Qb(ƨһ/%) b  7mM+iBQM Q7 T?QiQM TQH`BxiBQM i `QQK i2KT2`im`2X 6B;m`2
TM2Hb `2T`BMi2/ 7`QK (9e)X
ǌǉĉF PSJHJO PG % BOE -Ʀ JT SFWFBMFE UISPVHI UIF QIPUPO QPMBSJ[BUJPO
EFQFOEFODFPGUIFBCTPSQUJWJUZXIJDIFYIJCJUTPOMZBDPT	ǌһ
NPEVMB
UJPO<'JHVSFǊǊǏ	C
> ĉJTJTFYQFČFECFDBVTFUIFNBYJNBPGDPT	ǌһ

EFTDSJCF XIFO UIF JODJEFOU MJHIU JT 1QPMBSJ[FE XIJDI JT UIF QPMBSJ[B
UJPOUIBUJTHFOFSBMMZBCTPSCFENPĞĞSPOHMZCZTPMJET<ǍǏ> ĉFNPEV
MBUJPOBNQMJUVEFJTBQQSPYJNBUFMZǍƻPGUIFһJOEFQFOEFOUCBDLHSPVOE
XIJDI NBUDIFT UIF QFSDFOUBHF UIBU UIF DPNQPOFOU -ƦDPT	ǌһ
 NPEV
MBUFTUIFһJOEFQFOEFOUQIPUPDVSSFOU%<'JHVSFǊǊǏ	C
> ĉJTPCTFS
WBUJPO UPHFUIFS XJUI UIFJS JEFOUJDBM UFNQFSBUVSF EFQFOEFODF <'JHVSF
ǊǊǏ	B
> TIPXT UIBU -Ʀ JT B USJWJBM NPEVMBUJPO PG UIF QIPUPDVSSFOU %
#FDBVTFUIFQPMBSJ[BUJPOEFQFOEFODFPGUIFBCTPSQUJWJUZJTSFQSFTFOUB
UJWF PG UIF CVML JOEFY PG SFGSBČJPO <ǍǏ> UIJT JT BO JOEJDBUJPO UIBU UIF
QIPUPDVSSFOUSFQSFTFOUFECZ%BOE-Ʀ MJLFMZIBTBCVMLPSJHJO
ĉFPCTFSWBUJPOPGQPMBSJ[BUJPOEFQFOEFOUQIPUPDVSSFOUTUIBUĞFN
GSPNIFMJDBM%JSBDGFSNJPOT	$BOE-ƥ
DPFYJĞJOHXJUIBCVMLQIPUPDVS
SFOU 	% BOE -Ʀ
 JO B UPQPMPHJDBM JOTVMBUPS JT OPWFM BOE XF FMBCPSBUF
POUIFJSQPTTJCMFNJDSPTDPQJDNFDIBOJTNTBOEUPQPMPHJDBMTJHOJėDBODF
CFMPX ĉF TJNJMBS CFIBWJPS PG UIF QIPUPDVSSFOU DPOUSJCVUJPOT -ƥ BOE
$ JO 'JHVSF ǊǊǏ	B
 TVHHFĞT UIBU -ƥ BMTP BSJTFT GSPN BO BTZNNFUSJD
EFQPQVMBUJPO PG UIF TVSGBDF %JSBD DPOF ĉJT JT TVQQPSUFE CZ SFDFOU
"31&4 NFBTVSFNFOUT PO #JƦ4FƧ TIPXJOH UIBU MJOFBSMZ QPMBSJ[FE MJHIU
EPFT JO GBČ DPVQMF EJĎFSFOUMZ UP PQQPTJUF CSBODIFT PG UIF %JSBD DPOF
EFQFOEJOH PO UIF DSZĞBM PSJFOUBUJPO <ǌǌ> 4VDI MJOFBS QIPUPHBMWBOJD
FĎFČTIBWFBMTPCFFOPCTFSWFEBMPOHTJEFDJSDVMBSQIPUPHBMWBOJDFĎFČT
JOTFNJDPOEVČPSRVBOUVNXFMMT<ǍǊǍǋ> *UIBTCFFOTIPXOUIFPSFUJ
ǌǊDBMMZJOUIFTFTZĞFNTUIBUUIFUXPQIPUPHBMWBOJDFĎFČTBSFMJOLFEBOE
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FIG. S4: (a) ARPES spectrum of the Bi2Se3 material used to fabricate devices revealing the
absence of Rashba-split states in ultra-high vacuum. (b) Comparison of Rashba-split quantum well
states and topological surface states. CPGE currents induced in Rashba-split states experience a
cancellation e↵ect that is absent in the linearly dispersing surface states.
SI VI. Ruling out alternative photocurrent mechanisms
A. Circular PGE from Rashba-split quantum well states in the inversion layer
The circular photogalvanic e↵ect (CPGE) has been observed from Rashba spin-split states
in quantum well structures [24,25]. Similar states have been observed using ARPES in the
surface inversion layer of Bi2Se3 samples that were intentionally surface electron doped by
depositing certain gases or metals on the surface [34,35,36]. To check for these states, we
performed ARPES measurements on our Bi2Se3 material [Fig.S4]. The spectrum was taken
in ultrahigh vacuum and at room temperature several hours after the sample was cleaved to
approximate the band-bending that occurs in air. We ﬁnd no evidence of Rashba-splitting.
The Fermi level is approximately 120 meV above the Dirac point. Typically, Rashba-split
states do not appear until the surface Fermi level is doped to around 600 meV above the
Dirac point [34,35,36].
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FIG. S5: Time-resolved Kerr rotation spectroscopy measurement on the same Bi2Se3 material used
to fabricate devices. A 100 fs circularly polarized pump pulse of 795 nm laser light creates a non-
equilibirum bulk state spin-polarization. The spin relaxation dynamics are probed by monitoring
the Kerr rotation of a time-delayed linearly polarized probe pulse.  + and    represent left and
right circular polarizations respectively.
conduction band by circularly polarized light. Owing to the s-orbital nature (zero spin-orbit
coupling) of the conduction band, the spin-lifetime of these electrons is exceptionally long,
on the order of 10-100 ns [38]. This is long enough for optically excited carriers on the surface
to di↵use into the bulk while retaining their spin polarization. Spin-dependent scattering
can then occur to generate a spin Hall e↵ect current.
In materials such as Bi2Se3, any photo-induced spin-polarized bulk states will rapidly
depolarize before signiﬁcant di↵usion can occur. This is because both the initial and ﬁnal
states are spin-orbit coupled (p-orbital nature), in contrast to GaAs, which greatly reduces
the spin-lifetime of excited carriers. To show that this is the case, we performed time-
resolved Kerr rotation spectroscopy measurements on the same material used to fabricate
devices [Fig.S5]. A more extensive study was performed in ref. [39]. We ﬁnd that the spin-
polarization of optically oriented bulk carriers completely depolarizes in ⇠ 100 fs, which
is the resolution limit of our measurement. This is 5-6 orders of magnitude shorter than
the spin-lifetime in GaAs and short enough that any carrier di↵usion from the surface into
the bulk can be expected to have a negligible spin-polarization. Contributions from the
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FIG. S1: Photocurrent jy(↵) ﬁt amplitudes in the Fig.2(a) (main text) geometry over a broad
range of laser intensities at 15 K. (a) Low intensity regime. (b) High intensity regime. The blue
line is drawn to highlight the sub-linear behavior at high intensities.
SI III. Deviation from linear photocurrent response at higher laser intensities
As shown by eq. (1) in the previous section, photocurrents are expected to scale quadrat-
ically with the ac electric ﬁeld of the incident light, which is to say that they scale linearly
with the laser intensity. Figure 1(e) of the main text shows that jy(↵ =0 )s c a l e sl i n e a r l y
with laser intensity up until around I = 60 W/cm2, below which is the low intensity regime
where all reported photocurrent measurements were performed. Here we show the intensity
dependence of the corresponding polarization dependent ﬁt coe cients C, L1 and L2 from
eq.(1) of the main text over a broad range of laser intensities. Figure S1(a) shows that
their amplitudes likewise begin to deviate from the expected linear scaling when intensities
of greater than I = 60 W/cm2 are used, and become highly sub-linear at even greater in-
tensities [Fig.S1(b)]. These behaviors may be attributed to a combination of multi-photon
absorption processes, the saturation of certain interband transitions, and a temperature in-
crease caused by excessive laser heating. The last-mentioned is likely responsible for the
sub-linearity since Fig.3(a) of the main text shows that the photocurrent amplitudes de-
crease as the temperature is increased. This is further evidenced by the sign reversal of L2
in Fig.S1(b), which likewise occurs in the temperature dependence. It is therefore necessary
that all photocurrent measurements on Bi2Se3 be performed at low laser intensities.
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FIG. S2: Photocurrent jy(↵) taken with pulsed (red circles) and continuous wave (black squares)
795 nm laser light. Traces were taken in the Fig.2(a) (main text) geometry at 24 K and were
normalized to account for the small laser intensity changes that accompany changing the laser
emission mode, which slightly modify the current amplitude, to highlight the identical polarization
dependence.
SI IV. Identical photocurrent response by continuous wave and pulsed laser
excitation
While pulsed laser light is standardly used to induce polarization dependent photocurrents
in quantum well structures [24], we conﬁrmed independently that the pulsed nature of the
light does not inﬂuence jy(↵). Fig.S2 shows that traces taken with continuous wave laser
light and pulsed laser light of the same wavelength are virtually identical.
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FIG. S3: Photocurrent jy(↵)/I measured on a di↵erent device in the Fig.2(a) (main text) geometry
at 15 K.
SI V. Consistent results across multiple devices
To conﬁrm that the photon polarization induced currents observed were consistent across
multiple devices, a second device of similar dimensions was characterized [Fig.S3]. The
photocurrent response jy(↵) of the second device proved to be qualitatively similar to the
data reported in the main text. The slight di↵erences between the signals may be due to
ad i ↵erent crystal axes orientation relative to the contacts, which could a↵ect the relative
photocurrent magnitudes as discussed in SI II.
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FYQFSJNFOUTBMBTFSCFBNQPMBSJ[FEFJUIFSQBSBMMFMUP	1
PSQFSQFOEJD
VMBSUP	4
UIFTDBĨFSJOHQMBOFQSPQBHBUFTUISPVHIBXBWFQMBUF	FJUIFS
ӇǊPSӇǌ
BOEJNQJOHFTPOUIFTBNQMFBUBOBOHMFӂXJUISFĝFČUPUIF
OPSNBM $VSSFOUBMPOHFJUIFSUIFYPSZEJSFČJPOJTUIFONFBTVSFEBTB
GVOČJPO PG UIF BOHMF һ CFUXFFO UIF PQUJDBM BYJT PG UIF XBWFQMBUF BOE
UIFTDBĨFSJOHQMBOF<'JHVSFǊǋǊ> #FMPXXFĞVEZUIFGVOČJPOBMGPSN
PG UIFTF QIPUPDVSSFOUT VOEFS UIF WBSJPVT FYQFSJNFOUBM HFPNFUSJFT JO
EFUBJM
ǍǑx
y
z
x’
y’
φ
θ
 
P
S
6B;m`2 kXjXk, 1tT2`BK2MiH ;2QK2i`v 7Q` T?QiQ+m``2Mi K2bm`2K2MibX
h?2 M;H2b `2 /2}M2/ b 7QHHQrb, ӓ Bb i?2 M;H2 #2ir22M i?2 BM@THM2 +`vbiH
+QQ`/BMi2b M/ i?2 H# +QQ`/BMi2b- һ Bb i?2 M;H2 Q7 i?2 rp2@THi2 QTiB+H
tBb rBi? `2bT2+i iQ i?2 b+ii2`BM; THM2- M/ ӂ Bb i?2 M;H2 Q7 BM+B/2M+2X
ǎǈ0ĶŀĽŅŊĹĽłķĽĸĹłķĹŌĽŉļ1ńŃŀĵŇĽŐĹĸŀĽĻļŉŉļŇŃŊĻļĵ ӇǊŌĵŋĹńŀĵŉĹ
*O UIJT FYQFSJNFOUBM HFPNFUSZ UIF MJHIU JODJEFOU PO UIF TBNQMF JT BM
XBZTMJOFBSMZQPMBSJ[FEXJUIQPMBSJ[BUJPO⃗ & = &Ƥ(DPTƦһDPTӂ,TJOƦһ,
−DPTƦһTJOӂ) ĉFSFGPSFPOMZUIFTFDPOEUFSNJO	Ǌǎ
TVSWJWFTBOE
UIFQIPUPHBMWBOJDDVSSFOUCFDPNFT
KY = −ƥ/Ʀӕƥ DPTƧӓ + ƥ/Ʀ(ӕƥ DPTƦ ӂDPTƧӓ − ӕƦ TJOƦӂ)
+ DPTƨһ[ƥ/Ʀӕƥ DPTƧӓ + ƥ/Ʀ(ӕƥ DPTƦ ӂDPTƧӓ − ӕƦ TJOƦӂ)]
+ TJOƨһ(ӕƥ DPTӂTJOƧӓ) 	ǊǏ

KZ = −ƥ/Ʀӕƥ TJOƧӓ + ƥ/Ʀӕƥ DPTƦ ӂTJOƧӓ
+ DPTƨһ(ƥ/Ʀӕƥ TJOƧӓ + ƥ/Ʀӕƥ DPTƦ ӂTJOƧӓ)
− TJOƨһ(ӕƥ DPTӂDPTƧӓ + ӕƦ TJOӂ) 	Ǌǐ

0ĶŀĽŅŊĹĽłķĽĸĹłķĹŌĽŉļ4ńŃŀĵŇĽŐĹĸŀĽĻļŉŉļŇŃŊĻļĵ ӇǊŌĵŋĹńŀĵŉĹ
*O UIJT FYQFSJNFOUBM HFPNFUSZ UIF MJHIU JODJEFOU PO UIF TBNQMF JT BM
XBZTMJOFBSMZQPMBSJ[FEXJUIQPMBSJ[BUJPO⃗ & = &Ƥ(TJOƦһDPTӂ,−DPTƦһ,
−TJOƦһTJOӂ) "HBJO POMZ UIF TFDPOE UFSN JO 	 Ǌǎ
 TVSWJWFT BOE UIF
QIPUPHBMWBOJDDVSSFOUCFDPNFT
ǎǉKY = −ƥ/Ʀӕƥ DPTƧӓ + ƥ/Ʀ(ӕƥ DPTƦ ӂDPTƧӓ − ӕƦ TJOƦӂ)
− DPTƨһ[ƥ/Ʀӕƥ DPTƧӓ + ƥ/Ʀ(ӕƥ DPTƦ ӂDPTƧӓ − ӕƦ TJOƦӂ)]
− TJOƨһ(ӕƥ DPTӂTJOƧӓ) 	ǊǑ

KZ = −ƥ/Ʀӕƥ TJOƧӓ + ƥ/Ʀӕƥ DPTƦ ӂTJOƧӓ
− DPTƨһ(ƥ/Ʀӕƥ TJOƧӓ + ƥ/Ʀӕƥ DPTƦ ӂTJOƧӓ)
+ TJOƨһ(ӕƥ DPTӂDPTƧӓ + ӕƦ TJOӂ) 	Ǌǉǈ

ĉF FYQSFTTJPOT GPS UIF -1(& DVSSFOUT KY BOE KZ VOEFS CPUI 1 BOE 4
HFPNFUSJFTDPOTJĞPGBUFSNUIBUJTJOEFQFOEFOUPGһBOEUFSNTUIBUBSF
QSPQPSUJPOBM UP DPTƨһ BOE TJOƨһ ĉF UFSNT QSPQPSUJPOBM UP DPTƨһ
BOE TJOƨһ TXJUDI TJHO VQPO DIBOHJOH GSPN 1U P4 HFPNFUSZ BT EJD
UBUFECZUIFSFQMBDFNFOUPGһ → һ − Ӎ/ƨ
0ĶŀĽŅŊĹĽłķĽĸĹłķĹŌĽŉļ1ńŃŀĵŇĽŐĹĸŀĽĻļŉŉļŇŃŊĻļĵ ӇǌŌĵŋĹńŀĵŉĹ
*OUIJTFYQFSJNFOUBMHFPNFUSZUIFMJHIUJODJEFOUPOUIFTBNQMFJTBMUFS
OBUFMZMJOFBSMZBOEDJSDVMBSMZQPMBSJ[FEXJUIQPMBSJ[BUJPO⃗ & = &Ƥ[DPTӂ
(DPTƦ һ −JTJOƦ һ),(ƥ+J)DPTһTJOһ −(DPTƦ һ −JTJOƦ һ)TJOӂ] ĉF
DPOUSJCVUJPOUPUIF QIPUPHBMWBOJDDVSSFOUGSPNUIF ėSĞ UFSN JO	 Ǌǎ

JTHJWFOCZ
ǎǊKY = Ƥ 	Ǌǉǉ

KZ = −ҽ TJOƦһTJOӂ 	ǊǉǊ

"DDPVOUJOHGPSUIFTFDPOEUFSNJO	Ǌǎ
BTXFMMXFEFSJWFBUPUBMQIP
UPHBMWBOJDDVSSFOUHJWFOCZ
KY = ƥ/Ƭӕƥ DPTƧӓ + Ƨ/Ƭӕƥ DPTƦӂDPTƧӓ − Ƨ/ƨӕƦ TJOƦӂ
+ DPTƨһ(Ƨ/Ƭӕƥ DPTƧӓ + ƥ/Ƭӕƥ DPTƦӂDPTƧӓ − ƥ/ƨӕƦ TJOƦӂ)
+ TJOƨһ(ƥ/Ʀӕƥ DPTӂTJOƧӓ) 	Ǌǉǋ

KZ = ƥ/Ƭӕƥ TJOƧӓ + Ƨ/Ƭӕƥ DPTƦӂTJOƧӓ
− TJOƦһ(ҽ TJOӂ)
+ DPTƨһ(ƥ/ƨӕƥ TJOƧӓ + ƥ/ƨTJOƧӓӕƥ DPTƦ ӂ)
− TJOƨһ(ƥ/Ʀӕƥ DPTӂDPTƧӓ + ƥ/ƦӕƦ TJOӂ) 	Ǌǉǌ

0ĶŀĽŅŊĹĽłķĽĸĹłķĹŌĽŉļ4ńŃŀĵŇĽŐĹĸŀĽĻļŉŉļŇŃŊĻļĵ ӇǌŌĵŋĹńŀĵŉĹ
*OUIJTFYQFSJNFOUBMHFPNFUSZUIFMJHIUJODJEFOUPOUIFTBNQMFJTBMUFS
OBUFMZMJOFBSMZBOEDJSDVMBSMZQPMBSJ[FEXJUIQPMBSJ[BUJPO⃗ & = &Ƥ[(ƥ +
J)DPTһTJOһDPTӂ,−JDPTƦ һ+TJOƦ һ,(−ƥ−J)DPTһTJOһTJOӂ] ĉF
ǎǋDPOUSJCVUJPOUPUIF QIPUPHBMWBOJDDVSSFOUGSPNUIF ėSĞ UFSN JO	 Ǌǎ

JTHJWFOCZ
KY = Ƥ 	ǊǉǍ

KZ = ҽ TJOƦһTJOӂ 	Ǌǉǎ

"DDPVOUJOHGPSUIFTFDPOEUFSNJO	Ǌǎ
BTXFMMXFEFSJWFBUPUBMQIP
UPHBMWBOJDDVSSFOUHJWFOCZ
KY = −(Ʃ/Ƭ)ӕƥ DPTƧӓ + ƥ/Ƭӕƥ DPTƦӂDPTƧӓ − ƥ/ƨӕƦ TJOƦӂ
− DPTƨһ(Ƨ/Ƭӕƥ DPTƧӓ + ƥ/Ƭӕƥ DPTƦӂDPTƧӓ − ƥ/ƨӕƦ TJOƦӂ)
− TJOƨһ(ƥ/Ʀӕƥ DPTӂTJOƧӓ) 	ǊǉǏ

KZ = −Ƨ/ƨӕƥ TJOƧӓ + ƥ/ƨTJOƧӓӕƥ DPTƦ ӂ
+ TJOƦһ(ҽ TJOӂ)
− DPTƨһ(ƥ/ƨӕƥ TJOƧӓ + ƥ/ƨTJOƧӓӕƥ DPTƦ ӂ)
+ TJOƨһ(ƥ/Ʀӕƥ DPTӂDPTƧӓ + ƥ/ƦӕƦ TJOӂ) 	Ǌǉǐ

ǎǌǊǋǊ -ĽłĹĵŇĵłĸķĽŇķŊŀĵŇńļŃŉŃłĸŇĵĻĹĺĺĹķŉňĽł#ĽƦ4ĹƧ	ǉǉǉ

*O UIJT TFČJPO XF EFSJWF UIF QIFOPNFOPMPHJDBM FRVBUJPOT HPWFSOJOH
UIF MJOFBS QIPUPO ESBH FĎFČ 	-1%&
 BOE DJSDVMBS QIPUPO ESBH FĎFČ
	$1(&
JO#JƦ4FƧ 	ǉǉǉ
GPMMPXJOHUIFDPOWFOUJPOJO<ǏǍ> ĉFGPVSUI
SBOL UFOTPS EFTDSJCJOH UIF QIPUPO ESBH FĎFČ FYIJCJUT UIF TBNF TZN
NFUSJFTBTUIBUEFTDSJCJOHFMFČSJDėFMEJOEVDFETFDPOEIBSNPOJDHFO
FSBUJPOJOTFČJPOǋǉǉ
#FDBVTFFWFOSBOLUFOTPSTEPOPUOFDFTTBSJMZWBOJTIVOEFSJOWFSTJPO
TZNNFUSZUIFEPNJOBOUQIPUPOESBHDPOUSJCVUJPODPNFTGSPNUIFCVML
SBUIFSUIBOUIFTVSGBDF *OHFOFSBMϒӇӉӊӁIBTǐǉDPNQPOFOUT 6OEFSUIF
USBOTGPSNBUJPOTCZUIFTZNNFUSZPQFSBUJPOTPG%
Ʃ
ƧE	XJUIPVUBTTVNJOH
,MFJONBOTZNNFUSZ
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ǎǎϒ(Ƨ)
Ƨƥ =
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⎜ ⎜
⎝
−ϒ[YZZ Ƥϒ [YY[
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ƧƦ =
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ƧƧ =
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⎝
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⎟
⎟
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XIJDI DPOUBJOT ǉǌ JOEFQFOEFOU DPNQPOFOUT <Ǐǎ> *O UIF MBCPSBUPSZ
DPPSEJOBUFGSBNFϒ(Ƨ) USBOGPSNTBDDPSEJOHUP
ϒ(Ƨ)
ƥƥ →
⎛
⎜
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⎝
ϒYYYY Ƥ −ϒYZZ[ DPT(Ƨӓ)
Ƥ ϒYYZZ −ϒYZZ[ TJO(Ƨӓ)
−ϒYZ[Z DPT(Ƨӓ) −ϒYZ[Z TJO(Ƨӓ) ϒYY[[
⎞
⎟
⎟
⎠
ϒ(Ƨ)
ƥƦ →
⎛
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⎜
⎝
Ƥ ϒYZYZ −ϒYZZ[ TJO(Ƨӓ)
ϒYYYY − ϒYYZZ − ϒYZYZ Ƥ ϒYZZ[ DPT(Ƨӓ)
−ϒYZ[Z TJO(Ƨӓ) ϒYZ[Z DPT(Ƨӓ) Ƥ
⎞
⎟
⎟
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ǎǏϒ(Ƨ)
ƥƧ →
⎛
⎜
⎜
⎝
−ϒY[ZZ DPT(Ƨӓ) −ϒY[ZZ TJO(Ƨӓ) ϒY[Y[
−ϒY[ZZ TJO(Ƨӓ) ϒY[ZZ DPT(Ƨӓ) Ƥ
ϒY[[Y Ƥ Ƥ
⎞
⎟
⎟
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ϒ(Ƨ)
Ʀƥ →
⎛
⎜
⎜
⎝
Ƥ ϒYYYY − ϒYYZZ − ϒYZYZ −ϒYZZ[ TJO(Ƨӓ)
ϒYZYZ Ƥ ϒYZZ[ DPT(Ƨӓ)
−ϒYZ[Z TJO(Ƨӓ) ϒYZ[Z DPT(Ƨӓ) Ƥ
⎞
⎟
⎟
⎠
ϒ(Ƨ)
ƦƦ →
⎛
⎜
⎜
⎝
ϒYYZZ Ƥϒ YZZ[ DPT(Ƨӓ)
Ƥ ϒYYYY ϒYZZ[ TJO(Ƨӓ)
ϒYZ[Z DPT(Ƨӓ) ϒYZ[Z TJO(Ƨӓ) ϒYY[[
⎞
⎟
⎟
⎠
ϒ(Ƨ)
ƦƧ →
⎛
⎜ ⎜
⎝
−ϒY[ZZ TJO(Ƨӓ) ϒY[ZZ DPT(Ƨӓ) Ƥ
ϒY[ZZ DPT(Ƨӓ) ϒY[ZZ TJO(Ƨӓ) ϒY[Y[
Ƥ ϒY[[Y Ƥ
⎞
⎟ ⎟
⎠
ϒ(Ƨ)
Ƨƥ →
⎛
⎜
⎜
⎝
−ϒ[YZZ DPT(Ƨӓ) −ϒ[YZZ TJO(Ƨӓ) ϒ[YY[
−ϒ[YZZ TJO(Ƨӓ) ϒ[YZZ DPT(Ƨӓ) Ƥ
ϒ[Y[Y Ƥ Ƥ
⎞
⎟
⎟
⎠
ǎǐϒ(Ƨ)
ƧƦ →
⎛
⎜
⎜
⎝
−ϒ[YZZ TJO(Ƨӓ) ϒ[YZZ DPT(Ƨӓ) Ƥ
ϒ[YZZ DPT(Ƨӓ) ϒ[YZZ TJO(Ƨӓ) ϒ[YY[
Ƥ ϒ[Y[Y Ƥ
⎞
⎟
⎟
⎠
ϒ(Ƨ)
ƧƧ →
⎛
⎜
⎜
⎝
ϒ[[YY ƤƤ
Ƥϒ [[YY Ƥ
ƤƤ ϒ [[[[
⎞
⎟
⎟
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+VĞBTXFEJEGPSUIFQIPUPHBMWBOJDFĎFČTXFDBOEFDPNQPTFUIFUFO
TPSϒӇӉӊӁ JOUPTZNNFUSJDBMBOEBOUJTZNNFUSJDBMQBSUT XJUISFĝFČUP
JOUFSDIBOHFPGUIFJOEJDFT ӊ BOEӁ ĉFTZNNFUSJDQBSUJTDPOĞSVČFE
BTGPMMPXT
5ӇӉӊӁ ∝ ϒӇӉӊӁ + ϒӇӉӁӊ 	ǊǉǑ

BOEUIFBOUJTZNNFUSJDQBSUBT
˜ 5ӇӉӋ ∝ FӋӊӁ(ϒӇӉӊӁ − ϒӇӉӁӊ) 	ǊǊǈ

XIFSF FӋӊӁ JT UIF -FWJ$JWJUB UFOTPS BOE TPNF PQUJDBM DPOĞBOUT IBWF
CFFOMFĜPVU ĉFQIPUPOESBHDVSSFOUJTUIFOFYQSFTTFEBT
KӇ = 5ӇӉӊӁRӉ
&ӊ&∗
Ӂ + &∗
ӊ&Ӂ
Ʀ
* + ˜ 5ӇӉӋRӉ(ˆ 1DJSD)Ӌ* 	ǊǊǉ

ǎǑXIFSFˆ 1DJSD = J(⃗ &×⃗ &∗)BOE*JTUIFMJHIUJOUFOTJUZ #FMPXXFXJMMĞVEZ
UIF GVOČJPOBM GPSN PG UIFTF DVSSFOUT VOEFS UIF WBSJPVT FYQFSJNFOUBM
HFPNFUSJFTJOEFUBJM
0ĶŀĽŅŊĹĽłķĽĸĹłķĹŌĽŉļ1ńŃŀĵŇĽŐĹĸŀĽĻļŉŉļŇŃŊĻļĵ ӇǊŌĵŋĹńŀĵŉĹ
*O UIJT FYQFSJNFOUBM HFPNFUSZ POMZ UIF ėSĞ UFSN JO 	ǊǊǉ
 TVSWJWFT
"TTVNJOH UIBU UIF JODJEFOU QMBOF PG UIF MJHIU JT UIF Y[QMBOF TVDI UIBU
RZ = ƤUIJTUFSNCFDPNFT
KY = RYϒYYZZ + R[ϒY[ZZ DPTƧӓ
+ ƥ/Ʀ(−ƦDPTƦ ӂ(RYϒYYYY − R[ϒY[ZZ DPTƧӓ)
− ƦRYϒYY[[ TJOƦ ӂ + DPTƨһ(−RYϒYYZZ − R[ϒY[ZZ DPTƧӓ)
− (−R[(ϒY[Y[ + ϒY[[Y)+RY(ϒYZZ[ + ϒYZ[Z)DPTƧӓ)TJOƦӂ)
+ TJOƨһ(ƥ/Ʀ(ƦDPTƦ ӂ(RYϒYYYY − R[ϒY[ZZ DPTƧӓ)
+ ƦRYϒYY[[ TJOƦ ӂ +( −R[(ϒY[Y[ + ϒY[[Y)
+ RY(ϒYZZ[ + ϒYZ[Z)DPTƧӓ)TJOƦӂ)
+( −ƦR[ϒY[ZZ DPTӂ + RY(ϒYZZ[ + ϒYZ[Z)TJOӂ)TJOƧӓ) 	ǊǊǊ

ǏǈKZ = R[ϒY[ZZ TJOƧӓ − DPTƨһR[ϒY[ZZ TJOƧӓ
+ ƥ/Ʀ(ƦR[ϒY[ZZ DPTƦ ӂTJOƧӓ − RY(ϒYZZ[ + ϒYZ[Z)TJOƦӂTJOƧӓ)
+ TJOƨһ(−DPTӂ(RY(−ϒYYYY + ϒYYZZ) − ƦR[ϒY[ZZ DPTƧӓ)
− (R[(ϒY[Y[ + ϒY[[Y)+RY(ϒYZZ[ + ϒYZ[Z)DPTƧӓ)TJOӂ
+ ƥ/Ʀ(−ƦR[ϒY[ZZ DPTƦ ӂTJOƧӓ
+ RY(ϒYZZ[ + ϒYZ[Z)TJOƦӂTJOƧӓ)) 	ǊǊǋ

0ĶŀĽŅŊĹĽłķĽĸĹłķĹŌĽŉļ4ńŃŀĵŇĽŐĹĸŀĽĻļŉŉļŇŃŊĻļĵ ӇǊŌĵŋĹńŀĵŉĹ
KY =( RYϒYYYY)/Ʀ + RYϒYYZZ +( RYϒYY[[)/Ʀ + ƥ/ƦR[ϒY[ZZ DPTƧӓ
+ ƥ/ƦDPTƦӂ(RY(ϒYYYY − ϒYY[[) − R[ϒY[ZZ DPTƧӓ)
+ ƥ/Ʀ(−R[(ϒY[Y[ + ϒY[[Y)+RY(ϒYZZ[ + ϒYZ[Z)DPTƧӓ)TJOƦӂ
+ DPTƨһ(−(ƥ/Ʀ)RY(ϒYYYY − ƦϒYYZZ + ϒYY[[)
+ Ƨ/ƦR[ϒY[ZZ DPTƧӓ − ƥ/ƦDPTƦӂ(RY(ϒYYYY − ϒYY[[)
− R[ϒY[ZZ DPTƧӓ)
+ ƥ/Ʀ(R[(ϒY[Y[ + ϒY[[Y) − RY(ϒYZZ[ + ϒYZ[Z)DPTƧӓ)TJOƦӂ)
+ TJOƨһ(ƦR[ϒY[ZZ DPTӂTJOƧӓ − RY(ϒYZZ[ + ϒYZ[Z)TJOӂTJOƧӓ)
	ǊǊǌ

ǏǉKZ = −R[ϒY[ZZ TJOƧӓ − R[ϒY[ZZ DPTƦ ӂTJOƧӓ
+ RY(ϒYZZ[ + ϒYZ[Z)DPTӂTJOӂTJOƧӓ
+ TJOƨһ(DPTӂ(−RYϒYYYY + RYϒYYZZ − ƦR[ϒY[ZZ DPTƧӓ)
+( R[(ϒY[Y[ + ϒY[[Y)+RY(ϒYZZ[ + ϒYZ[Z)DPTƧӓ)TJOӂ
+ R[ϒY[ZZ TJOƧӓ)+DPTƨһ(R[ϒY[ZZ DPTƦ ӂTJOƧӓ
− RY(ϒYZZ[ + ϒYZ[Z)DPTӂTJOӂTJOƧӓ) 	ǊǊǍ

0ĶŀĽŅŊĹĽłķĽĸĹłķĹŌĽŉļ1ńŃŀĵŇĽŐĹĸŀĽĻļŉŉļŇŃŊĻļĵ ӇǌŌĵŋĹńŀĵŉĹ
KY = ƥ/Ʀ(RY(ϒYYYY + ƪϒYYZZ + ϒYY[[)+ƩR[ϒY[ZZ DPTƧӓ
− DPTƦӂ(RY(−ϒYYYY + ϒYY[[)+R[ϒY[ZZ DPTƧӓ)
− R[(ϒY[Y[ + ϒY[[Y)TJOƦӂ + RY(ϒYZZ[ + ϒYZ[Z)DPTƧӓTJOƦӂ)
+ ƥ/ƦDPTƨһ(−RY(ϒYYYY − ƦϒYYZZ + ϒYY[[)
+ ƧR[ϒY[ZZ DPTƧӓ + DPTƦӂ(RY(−ϒYYYY + ϒYY[[)
+ R[ϒY[ZZ DPTƧӓ)+( R[(ϒY[Y[ + ϒY[[Y)
− RY(ϒYZZ[ + ϒYZ[Z)DPTƧӓ)TJOƦӂ)
+ ƥ/ƦTJOƨһ(ƨR[ϒY[ZZ DPTӂTJOƧӓ
− ƦRY(ϒYZZ[ + ϒYZ[Z)TJOӂTJOƧӓ) 	ǊǊǎ

ǏǊKZ = −ƦTJOƦһ(RY(Ʀϒ[[YY + ϒ[[[[)DPTӂ
− R[(ϒYYYY + ϒYYZZ + ϒYY[[)TJOӂ)
+ TJOƨһ(DPTӂ(RY(−ϒYYYY + ϒYYZZ) − ƦR[ϒY[ZZ DPTƧӓ)
+( R[(ϒY[Y[ + ϒY[[Y)+RY(ϒYZZ[ + ϒYZ[Z)DPTƧӓ)TJOӂ)
+ Ʃ/ƦR[ϒY[ZZ TJOƧӓ − ƥ/ƦR[ϒY[ZZ DPTƦӂTJOƧӓ
+ ƥ/ƦRY(ϒYZZ[ + ϒYZ[Z)TJOƦӂTJOƧӓ
+ DPTƨһ(Ƨ/ƦR[ϒY[ZZ TJOƧӓ + ƥ/ƦR[ϒY[ZZ DPTƦӂTJOƧӓ
− ƥ/ƦRY(ϒYZZ[ + ϒYZ[Z)TJOƦӂTJOƧӓ) 	ǊǊǏ
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KY = ƥ/Ʀ(RY(ϒYYYY + ƪϒYYZZ + ϒYY[[)+ƩR[ϒY[ZZ DPTƧӓ
− DPTƦӂ(RY(−ϒYYYY + ϒYY[[)+R[ϒY[ZZ DPTƧӓ)
− R[(ϒY[Y[ + ϒY[[Y)TJOƦӂ + RY(ϒYZZ[ + ϒYZ[Z)DPTƧӓTJOƦӂ)
+ ƥ/ƦDPTƨһ(−RY(ϒYYYY − ƦϒYYZZ + ϒYY[[)
+ ƧR[ϒY[ZZ DPTƧӓ + DPTƦӂ(RY(−ϒYYYY + ϒYY[[)
+ R[ϒY[ZZ DPTƧӓ)+( R[(ϒY[Y[ + ϒY[[Y)
− RY(ϒYZZ[ + ϒYZ[Z)DPTƧӓ)TJOƦӂ)
+ ƥ/ƦTJOƨһ(ƨR[ϒY[ZZ DPTӂTJOƧӓ
− ƦRY(ϒYZZ[ + ϒYZ[Z)TJOӂTJOƧӓ) 	ǊǊǐ

ǏǋKZ = ƦTJOƦһ(RY(Ʀϒ[[YY + ϒ[[[[)DPTӂ
− R[(ϒYYYY + ϒYYZZ + ϒYY[[)TJOӂ)
+ TJOƨһ(DPTӂ(RY(−ϒYYYY + ϒYYZZ) − ƦR[ϒY[ZZ DPTƧӓ)
+( R[(ϒY[Y[ + ϒY[[Y)+RY(ϒYZZ[ + ϒYZ[Z)DPTƧӓ)TJOӂ)
+ Ʃ/ƦR[ϒY[ZZ TJOƧӓ − ƥ/ƦR[ϒY[ZZ DPTƦӂTJOƧӓ
+ ƥ/ƦRY(ϒYZZ[ + ϒYZ[Z)TJOƦӂTJOƧӓ
+ DPTƨһ(Ƨ/ƦR[ϒY[ZZ TJOƧӓ + ƥ/ƦR[ϒY[ZZ DPTƦӂTJOƧӓ
− ƥ/ƦRY(ϒYZZ[ + ϒYZ[Z)TJOƦӂTJOƧӓ) 	ǊǊǑ

ǏǌĉJTQBHFJTJOUFOUJPOBMMZMFĜCMBOL
ǏǍ3
4FDPOEIBSNPOJDHFOFSBUJPOGSPNUIF
TVSGBDFPGBUPQPMPHJDBMJOTVMBUPS
5ļĹ ĹŀĹķŉŇĽķĵŀ ŇĹňńŃłňĹ ńŇŃńĹŇŉĽĹň PG UPQPMPHJDBM JOTVMBUPS TVS
GBDFTBSFQSFEJČFEUPCFIJHIMZOPWFMJODMVEJOHQSPUFČJPOBHBJOĞCBDL
TDBĨFSJOHGSPNOPONBHOFUJDJNQVSJUJFT<ǊǌǊǐ>BOEBTXJUDIBCMFĝJO
QPMBSJ[FEFMFČSJDBMDVSSFOU<ǌǐǌǑ> 6OEFSDFSUBJOFYQFSJNFOUBMDPOEJ
UJPOTUIFTVSGBDFĞBUFTBSFQSFEJČFEUPFWPMWFJOUPOFXCSPLFOTZNNF
USZ FMFČSPOJD QIBTFT UIBU FYIJCJU UPQPMPHJDBM TVQFSDPOEVČJWJUZ <Ǌǐ>
BOEBOBOPNBMPVTIBMGJOUFHFSRVBOUVN)BMMFĎFČ<Ǌǐǋǈ>XIJDIIBWF
ǏǎCFFOQSPQPTFEBTNFEJBUPTFBSDIGPS.BKPSBOBGFSNJPOT<ǊǌǊǐ>BOE
DIBSHF GSBČJPOBMJ[BUJPO JO UISFFEJNFOTJPOT <ǏǏ> 0XJOH UP UIFTF FY
DJUJOHUIFPSFUJDBMQSPQPTBMTUIFSFDFOUEJTDPWFSZPGUISFFEJNFOTJPOBM
UPQPMPHJDBMJOTVMBUPSQIBTFTJO#Jƥ−Y4CY<ǋǎǌǋ>#JƦ4FƧ<ǋǏǋǐ>BOESF
MBUFENBUFSJBMT<ǋǐǏǐǏǑ>IBTHFOFSBUFEHSFBUJOUFSFĞUPNFBTVSFUIFJS
TZNNFUSZ BOE FMFČSJDBM QSPQFSUJFT BU BO JTPMBUFE TVSGBDF )PXFWFS B
NBKPSFYQFSJNFOUBMPCĞBDMFIBTCFFOUIFIJHIEFOTJUZPGNPCJMFFMFD
USPOT JO UIF CVML PG UIFTF NBUFSJBMT XIJDI DBO PWFSXIFMN UIF TVSGBDF
FMFČSJDBM SFĝPOTFT "MUIPVHI USBOĝPSU SFTVMUT PO FMFČSJDBMMZ HBUFE
TBNQMFTTIPXFWJEFODFGPSTVSGBDFDBSSJFSNPEVMBUJPO<ǌǊǐǈǐǉ>UIF
DPOUSJCVUJPOT UP UIF FMFČSJDBM SFĝPOTF GSPN DBSSJFST PO EJĎFSFOU TVS
GBDFT BOE JO UIF CVML BSF EJđDVMU UP TFQBSBUF BOE SFRVJSF IJHIMZ JOTV
MBUJOHTBNQMFT XIJDIBSFEJđDVMUUPQSPEVDF .PSFPWFS DPOUBČTBOE
HBUFT EFQPTJUFE PO UIF TVSGBDF NBZ QFSUVSC UIF JOUSJOTJD TVSGBDF FMFD
USPOJDĞSVČVSF<Ǐǈ> 0QUJDBMQSPCFTIBWFCFFOQSPQPTFEBTBDPOUBČ
GSFFBMUFSOBUJWFUIBUDBOCFGPDVTFEPOUPBTJOHMFTVSGBDF<ǋǈǋǌǌǐǐǊ>
)PXFWFSNPĞFYQFSJNFOUTUPEBUFIBWFCFFOMJNJUFEUPUIFMJOFBSPQ
UJDBMSFHJNF XIJDI IBTCFFOTIPXO UPCF EPNJOBUFECZ UIF CVML FMFD
USPOJD SFĝPOTF <ǐǋmǐǍ> FYDFQU JO UIF MJNJU PG WFSZ UIJO TBNQMFT <ǐǎ
ǐǏ>
*OUIJTDIBQUFSXFEFNPOĞSBUFUIBUUIFOPOMJOFBSTFDPOEIBSNPOJD
HFOFSBUJPO 	4)(
 PG MJHIU GSPN CVML TJOHMF DSZĞBMT PG #JƦ4FƧ JT IJHIMZ
TFOTJUJWFUPFMFČSPOTDPOėOFEUPUIFTVSGBDFBOEBDDVNVMBUJPOSFHJPO
<ǏǋǏǌǐǐ> ĉFVOEFSMZJOHQSJODJQMFGPSUIJTTVSGBDFTFOTJUJWJUZJTUIBU
4)(JTQSFEPNJOBOUMZHFOFSBUFEXIFSFJOWFSTJPOTZNNFUSZJTCSPLFO
ǏǏ<ǐǑ>XIJDIPOMZPDDVSTBUUIFTVSGBDFPGUIFCVMLJOWFSTJPOTZNNFUSJD
#JƦ4FƧ *O TFČJPO ǋǉ XF EFWFMPQ B UIFPSFUJDBM NPEFM UIBU EFTDSJCFT
UIF4)(JOUFOTJUZGSPN#JƦ4FƧ JOUFSNTPGUIFTFDPOEBOEUIJSEPSEFS
OPOMJOFBS FMFČSJD TVTDFQUJCJMJUJFT #Z QFSGPSNJOH B TZNNFUSZ BOBMZTJT
PG#JƦ4FƧ XFJEFOUJGZUIFTVTDFQUJCJMJUZUFOTPSFMFNFOUTUIBUDPOUSJCVUF
UP4)(BOETIPXUIBUUIFJSSFMBUJWFNBHOJUVEFTDBOCFEFUFSNJOFECZ
NFBTVSJOHUIFJOUFOTJUZBOEQPMBSJ[BUJPOPGUIFFNJĨFE4)(BTBGVOD
UJPOPGDSZĞBMPSJFOUBUJPOBOEJODJEFOUMBTFSQPMBSJ[BUJPO *OTFČJPOǋǊ
XFQFSGPSN4)(FYQFSJNFOUTPOCVMLTJOHMFDSZĞBMTPG#JƦ4FƧBOEėOE
UIBUUIFSFTVMUTBSFEFTDSJCFEXFMMCZPVSNPEFM 5PQSPWFUIBUTFDPOE
IBSNPOJD HFOFSBUJPO JT TFOTJUJWF UP UIF TVSGBDF XF QFSGPSN B TVSGBDF
EPQJOHEFQFOEFOUĞVEZUIBUSFWFBMTUIBUDIBOHFTJOUIFTVSGBDF'FSNJ
MFWFMDBOCFNPOJUPSFEPQUJDBMMZ 8FBMTPTIPXUIBUHFOFSBUJOHTFDPOE
IBSNPOJDXJUIDJSDVMBSQPMBSJ[FEMJHIUJTBTFOTJUJWFNFBTVSFPGUIFUJNF
SFWFSTBMTZNNFUSZQSPQFSUJFTPGUIFTZĞFNBOEJTSPCVĞBHBJOĞTVSGBDF
DIBSHJOH XIJDI NBLFT TFDPOE IBSNPOJD HFOFSBUJPO B QSPNJTJOH UPPM
GPSĝFČSPTDPQJDĞVEJFTPGUPQPMPHJDBMTVSGBDFT *OTFČJPOǋǋXFQSP
WJEFBTVNNBSZBOEPVUMPPL
ǋǉ 5ļĹŃŇĹŉĽķĵŀĶĵķĿĻŇŃŊłĸ
ĉJTTFČJPOJTPSHBOJ[FEJOUPUXPQBSUT *OTFČJPOǋǉǉXFEFUFSNJOF
UIFTVTDFQUJCJMJUZUFOTPSFMFNFOUTUIBUHJWFSJTFUP4)(JO#JƦ4FƧCZQFS
ǏǐGPSNJOHBDSZĞBMTZNNFUSZBOBMZTJT *OTFČJPOǋǉǊXFQSFTFOUBQIF
OPNFOPMPHJDBMNPEFMUIBUEFTDSJCFTUIFJOUFOTJUZPGTFDPOEIBSNPOJD
MJHIUHFOFSBUFEGSPN#JƦ4FƧ VTJOHUIFTFUFOTPSFMFNFOUT
ǋǉǉ 4ŏŁŁĹŉŇŏĵłĵŀŏňĽňĵłĸĹŀĹķŉŇĽķňŊňķĹńŉĽĶĽŀĽŉŏŉĹłňŃŇňŃĺ
#ĽƦ4ĹƧ	ǉǉǉ

ĉF FMFČSJDBM SFĝPOTF PG B NBUFSJBM JT EFTDSJCFE CZ TVTDFQUJCJMJUZ UFO
TPST ӕ(O) UIBUSFMBUFUIFFMFČSJDQPMBSJ[BUJPOPGUIFNBUFSJBM⃗ 1UPUIFBQ
QMJFEFMFČSJDėFME⃗ &UISPVHIUIFQPXFSTFSJFTFYQBOTJPO<ǐǑ>
1J = ӕ
(ƥ)
JK &K + ӕ
(Ʀ)
JKL &K&L + ӕ
(Ƨ)
JKLM&K&L&M + ... 	ǋǉ

JOUIFFMFČSJDEJQPMFBQQSPYJNBUJPOXIFSFUIFJOEJDFTSVOUISPVHIĝB
UJBMDPPSEJOBUFT ĉFTVTDFQUJCJMJUZUFOTPSFMFNFOUTPGFBDI ӕ(O) DBOCF
EFUFSNJOFECZQFSGPSNJOHBDSZĞBMTZNNFUSZBOBMZTJT ĉFCVMLDSZT
UBMĞSVČVSFPG#JƦ4FƧ	ǉǉǉ
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VOEFSQMBOFTBCBOED<'JHVSFǋǉǉ>BOE	JJJ
JOWFSTJPOTZNNFUSZ #F
DBVTFӕ(O)NVĞPCFZUIFTBNFTZNNFUSZDPOEJUJPOTBTUIFDSZĞBMUIFZ
NVĞ CF JOWBSJBOU VOEFS UIF TBNF HSPVQ PG TZNNFUSZ PQFSBUJPOT UIBU
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XIJDIJTHJWFOCZ<ǐǑ>
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JƥJƦ...JO+ƥ=
 
Kƥ,KƦ...KO+ƥ
5JƥKƥ5JƦKƦ...5JO+ƥKO+ƥӕ
(O)
KƥKƦ...KO+ƥ 	ǋǊ

6OEFSTVDIUSBOTGPSNBUJPOTUIFDSZĞBMTZNNFUSZHSFBUMZSFEVDFTUIF
OVNCFSPGOPO[FSPJOEFQFOEFOUDPNQPOFOUTPG ӕ(O)
8FėSĞFYBNJOFUIFėSĞPSEFSSFĝPOTFDIBSBČFSJ[FECZӕ(ƥ)JO	ǋǉ

#FDBVTF ӕ(ƥ) JT BO FWFO SBOL UFOTPS BOE 1J BOE &K BSF CPUI PEE VOEFS
UIF PQFSBUJPO PG JOWFSTJPO B ėSĞPSEFS SFĝPOTF JT QFSNJĨFE SFHBSE
ǐǈMFTT PG XIFUIFS PS OPU DSZĞBM JOWFSTJPO TZNNFUSZ JT QSFTFOU ĉFSF
GPSFUIFMJOFBSFMFČSPOJDSFĝPOTFDBOJODMVEFDPOUSJCVUJPOTGSPNCPUI
UIF JOWFSTJPO TZNNFUSJD CVML PG #JƦ4FƧ BT XFMM BT GSPN UIF 	ǉǉǉ
 TVS
GBDFXIFSFJOWFSTJPOTZNNFUSZJTOFDFTTBSJMZCSPLFO<ǐǑ> ĉFJOEJWJE
VBM UFOTPS FMFNFOUT DBO CF GPVOE CZ USBOTGPSNJOH ӕ(ƥ) VOEFS UIF SPUB
UJPONJSSPSBOEJOWFSTJPOTZNNFUSZPQFSBUJPOTUIBUDIBSBČFSJ[FCVML
#JƦ4FƧ WJB 	ǋǊ
 BOE FRVBUJOH UIF SFTVMUJOH UFOTPST 6TJOH UIJT QSPDF
EVSFXFėOEUIBU ӕ(ƥ) BTTVNFTUIFGPSN
ӕ(ƥ) =
⎛
⎜
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⎝
ӕ(ƥ)
ƥƥ ƤƤ
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ƦƦ Ƥ
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XIFSF ӕ(ƥ)
ƥƥ ӕ(ƥ)
ƦƦ  BOE ӕ(ƥ)
ƧƧ BSF TDBMBST <Ǐǎ> ĉJT NBOEBUFT BO JTPUSPQJD
ėSĞPSEFS FMFČSPOJD SFĝPOTF JO UIF 	ǉǉǉ
 QMBOF "ĝFČT PG UIJT SF
ĝPOTFIBWFCFFONFBTVSFECZDPOWFOUJPOBMUSBOĝPSUBOEMJOFBSPQUJ
DBMĞVEJFTXIFSFUIFCVMLDPOUSJCVUJPOIBTCFFOTIPXOUPEPNJOBUF
8F OPX BOBMZ[F IPX UIF #JƦ4FƧ	ǉǉǉ
 DSZĞBM TZNNFUSZ BĎFČT UIF
TFDPOEPSEFS EJQPMBS SFĝPOTF ӕ(Ʀ) 'SPN 	ǋǊ
 XF TFF UIBU BMM PG UIF
DPNQPOFOUT PG PEE SBOL UFOTPST NVĞ WBOJTI VOEFS UIF JOWFSTJPO PQ
FSBUPS5JK = −ҾJK CFDBVTFFBDIDPNQPOFOUJTNBQQFEUPUIFOFHBUJWF
PGJUTFMG ĉFSFGPSFBMMǊǏDPNQPOFOUTPG ӕ(Ʀ) NVĞCF[FSPJOUIFJOWFS
TJPO TZNNFUSJD CVML PG #JƦ4FƧ )PXFWFS BU UIF DMFBWFE 	ǉǉǉ
 TVSGBDF
JOWFSTJPO TZNNFUSZ JT CSPLFO BOE UIF DSZĞBM TZNNFUSZ JT SFEVDFE UP
ǐǉ$ƧW TZNNFUSZ *OUIFDBTFPG#JƦ4FƧDMFBWBHFPDDVSTOBUVSBMMZCFUXFFO
UXP4FMBZFSTUIBUBSFWBOEFS8BBMTCPOEFEUPFYQPTFMBSHFPQUJDBMMZĚBU
BSFBT UIBU BSF 4F UFSNJOBUFE <Ǌǌ Ǌǐ ǊǑ> 0XJOH UP UIJT MBDL PG JOWFS
TJPO TZNNFUSZ OPOWBOJTIJOH DPNQPOFOUT PG PEE SBOL UFOTPST TVDI
BT ӕ(Ʀ) BSFQFSNJĨFEUPFYJĞ 4JNJMBSUPUIFQSPDFEVSFVTFEUPėOEUIF
ӕ(ƥ) DPNQPOFOUT UIF ӕ(Ʀ) UFOTPSFMFNFOUTDBO CF GPVOE CZUSBOTGPSN
JOH ӕ(Ʀ) VOEFS UIF $ƧW SPUBUJPO BOE NJSSPS TZNNFUSZ PQFSBUJPOT <'JH
VSFǋǉǉ>WJB	ǋǊ
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XJUI5TVCĞJUVUFECZUIFSPUBUJPONBUSJY<ǐǑ>
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⎜
⎜
⎜ ⎜
⎜
⎜
⎜ ⎜
⎜
⎜
⎝
⎛
⎜ ⎜
⎝
ӕYYY DPT(Ƨӓ)
−ӕYYY TJO(Ƨӓ)
ӕYY[
⎞
⎟
⎟
⎠
⎛
⎜
⎜
⎝
−ӕYYY TJO(Ƨӓ)
−ӕYYY DPT(Ƨӓ)
Ƥ
⎞
⎟
⎟
⎠
⎛
⎜
⎜
⎝
ӕYY[
Ƥ
Ƥ
⎞
⎟
⎟
⎠
⎛
⎜
⎜
⎝
−ӕYYY TJO(Ƨӓ)
−ӕYYY DPT(Ƨӓ)
Ƥ
⎞
⎟
⎟
⎠
⎛
⎜
⎜
⎝
−ӕYYY DPT(Ƨӓ)
ӕYYY TJO(Ƨӓ)
ӕYY[
⎞
⎟
⎟
⎠
⎛
⎜
⎜
⎝
Ƥ
ӕYY[
Ƥ
⎞
⎟
⎟
⎠
⎛
⎜
⎜
⎝
ӕ[YY
Ƥ
Ƥ
⎞
⎟
⎟
⎠
⎛
⎜
⎜
⎝
Ƥ
ӕ[YY
Ƥ
⎞
⎟
⎟
⎠
⎛
⎜
⎜
⎝
Ƥ
Ƥ
ӕ[[[
⎞
⎟
⎟
⎠
⎞
⎟
⎟ ⎟
⎟
⎟
⎟ ⎟
⎟
⎟
⎟
⎟ ⎟
⎟
⎟
⎟ ⎟
⎟
⎟
⎠
ǐǋEC
EV
EF
      
(2)
      
(2)  
(3)
  =￿0
 
(3)
  =￿0
Air
SHG￿active￿regions
6B;m`2 jXRXk, a>: +iBp2 `2;BQMbX a>: +iBp2 `2;BQMb r?2`2 ӕ(Ʀ) + ӕ(Ƨ)E ̸=
Ƥ- r?B+? `2T`2b2Mi i?2 bm`7+2 Uv2HHQrV M/ ++mKmHiBQM `2;BQM Ur?Bi2V +QM@
i`B#miBQMb `2bT2+iBp2HvX 6B;m`2 `2T`BMi2/ 7`QK (d9)X
*OTFČJPOǋǊXFTIPXIPXUIFTFUFOTPSFMFNFOUTBSFNBOJGFĞFEJOUIF
4)(JOUFOTJUZBTBGVOČJPOPGUIFDSZĞBMPSJFOUBUJPOBOEUIFJODJEFOU
MJHIUQPMBSJ[BUJPO
*OBEEJUJPOUPUIFTVSGBDF ӕ(Ʀ) DPOUSJCVUJPOEFSJWFEBCPWF4)(DBO
CFHFOFSBUFECZBDDVNVMBUJPOMBZFSFMFČSPOT ĉFTFBSFCVMLFMFČSPOT
DPOėOFEOFBSUIFTVSGBDFCZBCBOECFOEJOHJOEVDFEFMFČSJDėFME ⃗ E EJ
SFČFE QFSQFOEJDVMBS UP UIF TVSGBDF 4)( JT IJHIMZ TFOTJUJWF UP B ĞBUJD
FMFČSJD ėFME CFDBVTF JU BČT UP CSFBL JOWFSTJPO TZNNFUSZ PWFS UIF BD
DVNVMBUJPO SFHJPO <'JHVSF ǋǉǊ> &MFČSJDėFME JOEVDFE 4)( JT DPN
NPOMZPCTFSWFEJOUIFDPOUFYUPGNFUBMFMFČSPMZUFJOUFSGBDFT<Ǒǈ>BOE
JTUIFPSFUJDBMMZEFTDSJCFECZBUIJSEPSEFSQSPDFTT
ǐǌ1J(Ʀӗ)=ӕ
(Ƨ)
JQRSEQ(Ƥ)&R(ӗ)&S(ӗ)
UIBUBČTJOBEEJUJPOUPӕ(Ʀ)<ǐǑmǑǉ> #FDBVTFӕ(Ƨ)IBTUIFTBNFTZNNF
USZ DPOĞSBJOUT BT ӕ(Ʀ) UIF PWFSBMM TZNNFUSZ PG UIF 4)( JOUFOTJUZ BT B
GVOČJPOPGUIFDSZĞBMPSJFOUBUJPONVĞSFNBJOVODIBOHFEJOUIFQSFT
FODFPG ⃗ EBTXJMMCFTIPXOCFMPXXJUIFBDIӕ(Ʀ)UFOTPSFMFNFOUTJNQMZ
CFJOHFOIBODFECZUIFBEEJUJPOPGB ӕ(Ƨ)⃗ E UFOTPSFMFNFOU
8FOPXJNQPTFUIFTBNFTZNNFUSZDPOEJUJPOTPO ӕ(Ƨ) BTXBTEPOF
BCPWF GPS ӕ(Ʀ) 6OMJLF PEE SBOL UFOTPST BMM DPNQPOFOUT PG FWFO SBOL
UFOTPST EP OPU OFDFTTBSJMZ WBOJTI VOEFS JOWFSTJPO TZNNFUSZ ĉFSF
GPSFUIFEPNJOBOUӕ(Ƨ)DPOUSJCVUJPOUP4)(XJMMCFGSPNUIFCVMLSBUIFS
UIBO UIF TVSGBDF )PXFWFS 4)( XJMM POMZ CF HFOFSBUFE CZ ӕ(Ƨ) PWFS
UIFėOJUFBDDVNVMBUJPOSFHJPOUIBUUIFCBOECFOEJOHėFME ⃗ E QFOFUSBUFT
JOUP UIF CVML *O HFOFSBM ӕ(Ƨ) IBT ǐǉ DPNQPOFOUT 6OEFS UIF USBOTGPS
NBUJPOT CZ UIF TZNNFUSZ PQFSBUJPOT PG %
Ʃ
ƧE UIJT JT SFEVDFE UP UIF GPM
MPXJOHGPSN
ӕ(Ƨ) =
⎛
⎜
⎜
⎝
ӕ(Ƨ)
ƥƥ ӕ(Ƨ)
ƥƦ ӕ(Ƨ)
ƥƧ
ӕ(Ƨ)
Ʀƥ ӕ(Ƨ)
ƦƦ ӕ(Ƨ)
ƦƧ
ӕ(Ƨ)
Ƨƥ ӕ(Ƨ)
ƧƦ ӕ(Ƨ)
ƧƧ
⎞
⎟
⎟
⎠
XIFSF
ǐǍӕ(Ƨ)
ƥƥ =
⎛
⎜ ⎜
⎝
ӕYYYY Ƥ −ӕYZZ[
Ƥ ӕYYZZ Ƥ
−ӕYZ[Z Ƥ ӕYY[[
⎞
⎟ ⎟
⎠
ӕ(Ƨ)
ƥƦ =
⎛
⎜ ⎜
⎝
Ƥ ӕYZYZ Ƥ
ӕYYYY − ӕYYZZ − ӕYZYZ Ƥ ӕYZZ[
Ƥ ӕYZ[Z Ƥ
⎞
⎟ ⎟
⎠
ӕ(Ƨ)
ƥƧ =
⎛
⎜ ⎜
⎝
−ӕY[ZZ Ƥ ӕY[Y[
Ƥ ӕY[ZZ Ƥ
ӕY[[Y ƤƤ
⎞
⎟ ⎟
⎠
ӕ(Ƨ)
Ʀƥ =
⎛
⎜ ⎜
⎝
Ƥ ӕYYYY − ӕYYZZ − ӕYZYZ Ƥ
ӕYZYZ Ƥ ӕYZZ[
Ƥ ӕYZ[Z Ƥ
⎞
⎟ ⎟
⎠
ӕ(Ƨ)
ƦƦ =
⎛
⎜ ⎜
⎝
ӕYYZZ Ƥ ӕYZZ[
Ƥ ӕYYYY Ƥ
ӕYZ[Z Ƥ ӕYY[[
⎞
⎟ ⎟
⎠
ӕ(Ƨ)
ƦƧ =
⎛
⎜ ⎜
⎝
Ƥ ӕY[ZZ Ƥ
ӕY[ZZ Ƥ ӕY[Y[
Ƥ ӕY[[Y Ƥ
⎞
⎟ ⎟
⎠
ǐǎӕ(Ƨ)
Ƨƥ =
⎛
⎜ ⎜
⎝
−ӕ[YZZ Ƥ ӕ[YY[
Ƥ ӕ[YZZ Ƥ
ӕ[Y[Y ƤƤ
⎞
⎟ ⎟
⎠
ӕ(Ƨ)
ƧƦ =
⎛
⎜ ⎜
⎝
Ƥ ӕ[YZZ Ƥ
ӕ[YZZ Ƥ ӕ[YY[
Ƥ ӕ[Y[Y Ƥ
⎞
⎟ ⎟
⎠
ӕ(Ƨ)
ƧƧ =
⎛
⎜ ⎜
⎝
ӕ[[YY ƤƤ
Ƥ ӕ[[YY Ƥ
ƤƤ ӕ[[[[
⎞
⎟ ⎟
⎠
XIJDI DPOUBJOT ǉǏ JOEFQFOEFOU DPNQPOFOUT <ǑǊ> *O UIF MBCPSBUPSZ
DPPSEJOBUFGSBNF ӕ(Ƨ) USBOGPSNTBDDPSEJOHUP
ӕ(Ƨ)
ƥƥ →
⎛
⎜ ⎜
⎝
ӕYYYY Ƥ −ӕYZZ[ DPT(Ƨӓ)
Ƥ ӕYYZZ −ӕYZZ[ TJO(Ƨӓ)
−ӕYZ[Z DPT(Ƨӓ) −ӕYZ[Z TJO(Ƨӓ) ӕYY[[
⎞
⎟ ⎟
⎠
ӕ(Ƨ)
ƥƦ →
⎛
⎜
⎜
⎝
Ƥ ӕYZYZ −ӕYZZ[ TJO(Ƨӓ)
ӕYYYY − ӕYYZZ − ӕYZYZ Ƥ ӕYZZ[ DPT(Ƨӓ)
−ӕYZ[Z TJO(Ƨӓ) ӕYZ[Z DPT(Ƨӓ) Ƥ
⎞
⎟
⎟
⎠
ǐǏӕ(Ƨ)
ƥƧ →
⎛
⎜ ⎜
⎝
−ӕY[ZZ DPT(Ƨӓ) −ӕY[ZZ TJO(Ƨӓ) ӕY[Y[
−ӕY[ZZ TJO(Ƨӓ) ӕY[ZZ DPT(Ƨӓ) Ƥ
ӕY[[Y Ƥ Ƥ
⎞
⎟ ⎟
⎠
ӕ(Ƨ)
Ʀƥ →
⎛
⎜
⎜
⎝
Ƥ ӕYYYY − ӕYYZZ − ӕYZYZ −ӕYZZ[ TJO(Ƨӓ)
ӕYZYZ Ƥ ӕYZZ[ DPT(Ƨӓ)
−ӕYZ[Z TJO(Ƨӓ) ӕYZ[Z DPT(Ƨӓ) Ƥ
⎞
⎟
⎟
⎠
ӕ(Ƨ)
ƦƦ →
⎛
⎜
⎜
⎝
ӕYYZZ Ƥ ӕYZZ[ DPT(Ƨӓ)
Ƥ ӕYYYY ӕYZZ[ TJO(Ƨӓ)
ӕYZ[Z DPT(Ƨӓ) ӕYZ[Z TJO(Ƨӓ) ӕYY[[
⎞
⎟
⎟
⎠
ӕ(Ƨ)
ƦƧ →
⎛
⎜
⎜
⎝
−ӕY[ZZ TJO(Ƨӓ) ӕY[ZZ DPT(Ƨӓ) Ƥ
ӕY[ZZ DPT(Ƨӓ) ӕY[ZZ TJO(Ƨӓ) ӕY[Y[
Ƥ ӕY[[Y Ƥ
⎞
⎟
⎟
⎠
ӕ(Ƨ)
Ƨƥ →
⎛
⎜
⎜
⎝
−ӕ[YZZ DPT(Ƨӓ) −ӕ[YZZ TJO(Ƨӓ) ӕ[YY[
−ӕ[YZZ TJO(Ƨӓ) ӕ[YZZ DPT(Ƨӓ) Ƥ
ӕ[Y[Y Ƥ Ƥ
⎞
⎟
⎟
⎠
ӕ(Ƨ)
ƧƦ →
⎛
⎜ ⎜
⎝
−ӕ[YZZ TJO(Ƨӓ) ӕ[YZZ DPT(Ƨӓ) Ƥ
ӕ[YZZ DPT(Ƨӓ) ӕ[YZZ TJO(Ƨӓ) ӕ[YY[
Ƥ ӕ[Y[Y Ƥ
⎞
⎟ ⎟
⎠
ǐǐӕ(Ƨ)
ƧƧ →
⎛
⎜ ⎜
⎝
ӕ[[YY ƤƤ
Ƥ ӕ[[YY Ƥ
ƤƤ ӕ[[[[
⎞
⎟ ⎟
⎠
8FOPUFUIBUUIFSFNBZBMTPCFIJHIFSNVMUJQPMFCVMLDPOUSJCVUJPOT
UP4)(UIBUDBOCFėOJUFFWFOJOJOWFSTJPOTZNNFUSJDTZĞFNT<ǐǑ>BOE
UIBU XJMM IBWF UIF TBNF TZNNFUSZ QSPQFSUJFT BT CPUI UIF TVSGBDF ӕ(Ʀ)
BOE ӕ(Ƨ) UFOTPST <Ǐǎ> TIPXO BCPWF ĉF CVML FMFČSJD RVBESVQPMF BOE
NBHOFUJD EJQPMF DPOUSJCVUJPOT BSF UIF EPNJOBOU PG UIFTF IJHIFS NVM
UJQPMF TVTDFQUJCJMJUJFT IPXFWFS UIFZ BSF HFOFSBMMZ TVQQSFTTFE SFMBUJWF
UPUIFEJQPMBSTVTDFQUJCJMJUJFTCZBGBČPSPGLBXIFSFLJTUIFXBWFWFD
UPS PG UIF JODJEFOU MJHIU BOE B JT B MBĨJDF DPOĞBOU <ǐǑ> *O SFĚFČJPO
NFBTVSFNFOUT UIF CVML DPOUSJCVUJPO POMZ DPNFT GSPN B MBZFS XJUIJO
UIF PQUJDBM QFOFUSBUJPO EFQUI 	Ӌ
 PG UIF JODJEFOU MJHIU XIJDI XF NFB
TVSFUPCF∼ǊǍONBUǏǑǍON<TFČJPOǋǊǉ> ĉFTVSGBDFDPOUSJCVUJPO
XJMM DPNF GSPN UIF FOUJSF EFQUI E PWFS XIJDI UIF TVSGBDF XBWFGVOD
UJPOT QFOFUSBUF JOUP UIF CVML XIJDI JT PG UIF PSEFS E ≡  WG/ρ ∼ ǉǈ
ª GPSĞBUFTXJUIJOUIFCVMLHBQBOEJTNVDIMBSHFSGPSĞBUFTOPUJOUIF
CVML HBQ XIFSF WG JT UIF 'FSNJ WFMPDJUZ   JT UIF SFEVDFE 1MBODLT DPO
ĞBOU BOE ρ JTUIFCVMLCBOEHBQFOFSHZ ĉFSFGPSF UIFSFMBUJWFJOUFO
TJUZPGUIFTVSGBDFUPCVMLTFDPOEIBSNPOJDSBEJBUJPOJTBQQSPYJNBUFMZ
| ƥ
LB
E
Ӌ|Ʀ = |
ƫ.ƭƩ×ƥƤƧª
ƦӍ×Ʀª
ƥƤª
Ʀ.Ʃ×ƥƤƦª|Ʀ ∼ ƪƨƤ *OEFFE NFBTVSFNFOUT PO PUIFS
ĞSPOH ĝJOPSCJU DPVQMFE NBUFSJBMT TVDI BT "V JO UIF SFHJNF XIFSF
JOUFSCBOEUSBOTJUJPOTEPNJOBUF	ρ <  ӗ
IBWFTIPXOUIBUUIFTFCVML
ǐǑDPOUSJCVUJPOTBSFHSFBUMZTVQQSFTTFE<Ǒǋ> #VMLDPOUSJCVUJPOTIBWFPOMZ
CFFO TIPXO UP CF PCTFSWBCMF XIFO ρ >  ӗ XIFSF UIF QFOFUSBUJPO
EFQUIPGUIFMJHIUJOUPUIFDSZĞBMJTWFSZEFFQ<Ǒǌ> "MMPGPVSNFBTVSF
NFOUT XFSF QFSGPSNFE JO UIF SFHJNF ρ <  ӗ BOE XF FYQFSJNFOUBMMZ
EFNPOĞSBUFJOTFČJPOǋǊǌCZWBSZJOHUIFTVSGBDFDBSSJFSEFOTJUZUIBU
UIFTFIJHIFSPSEFSCVMLFĎFČTBSFJOEFFEOPUEPNJOBOU
ǋǉǊ 1ļĹłŃŁĹłŃŀŃĻĽķĵŀŁŃĸĹŀŃĺňŊŇĺĵķĹ4)(
*OUIJTTFČJPOXFTIPXIPXUIFJOUFOTJUZPGTFDPOEIBSNPOJDSBEJBUJPO
JTSFMBUFEUPUIFOPOMJOFBSTVTDFQUJCJMJUZUFOTPSTEFSJWFEJOTFČJPOǋǉǉ
0VSQIFOPNFOPMPHJDBMNPEFMPGTVSGBDF4)(GPMMPXTUIFDPOWFOUJPO
EFWFMPQFECZ.J[SBIJBOE4JQF	ǉǑǐǐ
<ǑǍ>XIJDICVJMETPOUIFFBSMJFS
XPSLPG)FJO[	ǉǑǐǊ
<Ǒǎ>BOE#MPFNCFSHFO&1FSTIBO	ǉǑǎǊ
<ǑǏ>
ĉF NPEFM BTTVNFT UIBU B UIJO EJQPMF TIFFU DPOėOFE UP UIF TVSGBDF JT
UIFTPVSDFPGTVSGBDFTFDPOEIBSNPOJDHFOFSBUJPO 'PMMPXJOHUIFOPUB
UJPOVTFEJO<ǑǍ>GPSTVSGBDF4)(GSPNBUIJDLDSZĞBMJOUIFSFĚFČJPO
HFPNFUSZUIFTFDPOEIBSNPOJDJOUFOTJUZ*(Ʀӗ)JTHJWFOCZ
*(Ʀӗ)=" × |ˆ FJ(Ʀӗ)(ӕT)JKLˆ FK(ӗ)ˆ FL(ӗ)|Ʀ*(ӗ)Ʀ 	ǋǌ

XIFSF"JTBHFPNFUSJDBMDPOĞBOUˆ FJTUIFCFBNQPMBSJ[BUJPOPGUIFJO
DPNJOHPSPVUHPJOHSBEJBUJPOėFMEJOTJEFUIFDSZĞBM*(ӗ)JTUIFJOUFO
TJUZPGUIFJODJEFOUCFBN ӕT JTUIFDPNQMFYTVSGBDFOPOMJOFBSTVTDFQUJ
CJMJUZUFOTPSBOEUIFJOEJDFTSVOUISPVHIY ZBOE[ ĉFVOJUQPMBSJ[B
Ǒǈ6B;m`2 jXRXj, a>: Hb2` #2K ;2QK2i`v M/ TQH`BxiBQMbX a+?2KiB+
Q7 i?2 BM+QKBM; M/ Qmi;QBM; Hb2` #2K ;2QK2i`v M/ TQH`BxiBQMbX h?2
TQH`BxiBQM p2+iQ`b Q7 i?2 7mM/K2MiH M/ b2+QM/ ?`KQMB+ #2Kb `2 H@
#2H2/ #v HQr2` +b2 M/ mTT2` +b2 H2ii2`b `2bT2+iBp2HvX h?2 +`2K +QHQ`2/
`2;BQM i [ = Ƥ /2MQi2b i?2 MQMHBM2` TQH`BxiBQM b?22i i i?2 bm`7+2 b /2@
b+`B#2/ BM (N8)X h?2 BMi2`+iBQM pQHmK2 Q7 i?2 #2Kb Bb /2K`+i2/ #v i?2
;`22M b?/2/ `2;BQMX h?2 #2Kb `2 /BbTH+2/ ?Q`BxQMiHHv 7Q` pBbmH +H`BivX
6B;m`2 `2T`BMi2/ 7`QK (d9)X
UJPOWFČPSTBSFHJWFOCZ
ˆ F(ӗ)=
&T
JO
|&JO|
UT
ƤNˆ T +
&
Q
JO
|&JO|
UQ
ƤNˆ Q−
ˆ F(Ʀӗ)=
&4
PVU
|&PVU|
(ƥ + 3T
ƤN)ˆ 4 +
&1
PVU
|&PVU|
(ˆ 1Ƥ+ + 3Q
ƤNˆ 1Ƥ−) 	ǋǍ

ǑǉXIFSF|&JO|BOE|&PVU|EFOPUFUIFNBHOJUVEFPGUIFJOQVUGVOEBNFOUBM
BOEPVUQVUTFDPOEIBSNPOJDFMFČSJDėFMETSFĝFČJWFMZU
T,Q
ƤNJTUIF'SFT
OFMDPFđDJFOUGPSUSBOTNJTTJPOPGUIFGVOEBNFOUBMCFBNGSPNBJSJOUP
UIFNFEJVNXJUIEJFMFČSJDDPOĞBOUҿ3
T,Q
ƤNJTUIF'SFTOFMDPFđDJFOUGPS
SFĚFČJPOPGUIFTFDPOEIBSNPOJDCFBNPĎPGUIFNFEJVN<ǑǍ>BOEBMM
QPMBSJ[BUJPOEJSFČJPOTBSFEFėOFEJO'JHVSFǋǉǋ
0VSFYQFSJNFOUTBSFQFSGPSNFEBUӂJO = ӂPVU = ƨƩ◦ BOEXFBTTVNF
ҿ(ӗ)=ҿ(Ʀӗ)=Ʀƭ ĉFMBĨFSBTTVNQUJPOJTCBTFEPOPVSNFBTVSF
NFOUTPGUIFJOEFYPGSFGSBČJPOJOTFČJPOǋǊǉ 8FBMTPMFU ⃗ E MJFBMPOH
UIF[EJSFČJPO XIJDIJTSFBTPOBCMFCFDBVTFUIFBUPNJDMBZFSTNVĞCF
FRVJQPUFOUJBMT 6TJOHUIFTFQBSBNFUFSTJO	ǋǌ
BOE	ǋǍ
XFPCUBJOFY
QSFTTJPOT GPS UIF JOUFOTJUZ PG TFDPOE IBSNPOJD SBEJBUJPO BT B GVOČJPO
PG UIF JOQMBOF DSZĞBM PSJFOUBUJPO BOHMF ӓ <'JHVSF ǋǉǉ> VOEFS EJĎFS
FOUMJOFBSQPMBSJ[BUJPOHFPNFUSJFTBOEDJSDVMBSQPMBSJ[BUJPOHFPNFUSJFT
BTGPMMPXT
*11(Ʀӗ)=" |D(Ƨ) − Ƥ.ƤƦƩD(ƥ) DPT(Ƨӓ)|Ʀ
*41(Ʀӗ)=" |D(Ʀ) + Ƥ.ƤƥƪD(ƥ) DPT(Ƨӓ)|Ʀ
*14(Ʀӗ)=" |Ƥ.ƤƦƤD(ƥ) TJO(Ƨӓ)|Ʀ
*44(Ʀӗ)=" |Ƥ.ƤƥƧD(ƥ) TJO(Ƨӓ)|Ʀ 	ǋǎ

BOE
ǑǊ*34(Ʀӗ)=
"
ƨ
|D(ƨ) − Ƥ.ƤƧƦJD (ƥ) DPT(Ƨӓ)|Ʀ
−Ƥ.ƤƧƧD(ƥ) TJO(Ƨӓ)|Ʀ
*-4(Ʀӗ)=
"
ƨ
|D(ƨ) − Ƥ.ƤƧƦJD (ƥ) DPT(Ƨӓ)|Ʀ
+Ƥ.ƤƧƧD(ƥ) TJO(Ƨӓ)|Ʀ
*31(Ʀӗ)=
"
ƨ
|D(Ʃ) + Ƥ.ƤƨƥD(ƥ) DPT(Ƨӓ)|Ʀ
−Ƥ.ƤƨƤD(ƥ) TJO(Ƨӓ)|Ʀ
*-1(Ʀӗ)=
"
ƨ
|D(Ʃ) + Ƥ.ƤƨƥD(ƥ) DPT(Ƨӓ)|Ʀ
+Ƥ.ƤƨƤD(ƥ) TJO(Ƨӓ)|Ʀ 	ǋǏ

ĉF DJSDVMBS EJDISPJTN FYQSFTTJPOT EFėOFE BT $%4 ≡ *34 − *-4 BOE
$%1 ≡ *31 − *-1CFDPNF
$%4 = −Ƥ.ƤƧƧ
"
Ʀ
[(D(ƥ))† × D(ƨ)
+D(ƥ) × (D(ƨ))†]TJO(Ƨӓ)
$%1 = −Ƥ.ƤƨƤJ
"
Ʀ
[D(ƥ) × (D(Ʃ))†
−(D(ƥ))† × D(Ʃ)]TJO(Ƨӓ) 	ǋǐ

*OUIFBCPWFFRVBUJPOTD(O) = B(O) + C(O) XIFSF
ǑǋB(ƥ) = ӕYYY
B(Ʀ) = Ƥ.Ƥƪƥ ӕ[YY
B(Ƨ) = −Ƥ.ƤƤƫ ӕYY[ + Ƥ.Ƥƭƪ ӕ[YY + Ƥ.ƤƤƦӕ[[[
B(ƨ) = Ƥ.ƤƤƨJӕ YY[
B(Ʃ) = Ƥ.ƤƤƫ ӕYY[ − Ƥ.ƤƧƨ ӕ[YY − Ƥ.ƤƤƦӕ[[[ 	ǋǑ

SFQSFTFOUUIFTVSGBDF ӕ(Ʀ) 4)(BOE
C(ƥ) = −ӕYZZ[E[
C(Ʀ) = Ƥ.Ƥƪƥ ӕ[YY[E[
C(Ƨ) =( Ƥ.ƤƤƧ ӕYY[[ − Ƥ.ƤƤƧ ӕY[Y[ + Ƥ.Ƥƭƪ ӕ[YY[
+Ƥ.ƤƤƦ ӕ[[[[)E[
C(ƨ) =( Ƥ.ƤƤƦJӕ YY[[ + Ƥ.ƤƤƦJӕ Y[Y[)E[
C(Ʃ) =( Ƥ.ƤƤƧ ӕYY[[ + Ƥ.ƤƤƧ ӕY[Y[ − Ƥ.ƤƧƨӕ[YY[
−Ƥ.ƤƤƦ ӕ[[[[)E[ 	ǋǉǈ

SFQSFTFOUUIFFMFČSJDėFMEJOEVDFE4)(PWFSUIFBDDVNVMBUJPOSFHJPO
EVFUPӕ(Ƨ)⃗ E ĉFNBHOJUVEFTPGD(O)DBOCFFYQFSJNFOUBMMZEFUFSNJOFE
CZNFBTVSJOH*(Ʀӗ)BTBGVOČJPOPGUIFJOQMBOFDSZĞBMPSJFOUBUJPOBO
HMFӓ BOEMBTFSQPMBSJ[BUJPO ĉFSFMBUJWFDPOUSJCVUJPOTPGB(O) BOEC(O)
DBOUIFOCFEFUFSNJOFECZWBSZJOHUIFTVSGBDFDBSSJFSEFOTJUZ ĉFSF
ǑǌTVMUTBSFTIPXOJOTFČJPOǋǊǌ
ǋǊ &ŎńĹŇĽŁĹłŉĵŀŇĹňŊŀŉň
ĉJT TFČJPO JT PSHBOJ[FE BT GPMMPXT *O TFČJPO ǋǊǉ XF PWFSWJFX UIF
#JƦ4FƧ TBNQMFHSPXUIQSPDFEVSFTTBNQMFDIBSBČFSJ[BUJPOSFTVMUTBOE
UIF FYQFSJNFOUBM BQQBSBUVT VTFE UP NFBTVSF TFDPOE IBSNPOJD HFOFS
BUJPO GSPN NBUFSJBM TVSGBDFT *O TFČJPO ǋǊǊ XF ĞVEZ UIF ėSĞ PSEFS
MJOFBS PQUJDBM SFĝPOTF PG #JƦ4FƧ *O TFČJPO ǋǊǋ XF DIBSBČFSJ[F UIF
TFDPOE PSEFS OPOMJOFBS PQUJDBM SFĝPOTF BOE ĞVEZ UIF FĎFČT PG TVS
GBDF NPMFDVMBS EPQJOH PO UIF 4)( JO TFČJPO ǋǊǌ 8F DPODMVEF CZ
JOWFĞJHBUJOHDJSDVMBSEJDISPJTN4)(JOTFČJPOǋǊǍ
ǋǊǉ .ĹŉļŃĸňĵłĸňĵŁńŀĹķļĵŇĵķŉĹŇĽŐĵŉĽŃł
*OUIJTXPSLTBNQMFTPG#JƦ4FƧ XFSFMJHIUMZIPMFEPQFECZTVCĞJUVUJOH
"TJOUPUIF4FQMBOFTUPSFEVDFUIFCVMLDBSSJFSDPODFOUSBUJPO<ǌǊǌǍ>
BMUIPVHIUIFZSFNBJOFMFČSJDBMMZDPOEVČJOH 4JOHMFDSZĞBM#JƦ−Y"TY4FƧ
XBT HSPXO CZ NFMUJOH B ǉǈ H ĞPJDIJPNFUSJD NJYUVSF PG #J BOE 4F TIPU
XJUI USBDF BNPVOUT PG "T QPXEFS 	YǈǈǈǉǊǑ
 JO BO FWBDVBUFE RVBSU[
UVCFBUǐǍǈ◦$"ĜFSǉǊIPVSTBUUIJTUFNQFSBUVSFUIFNJYUVSFXBTDPPMFE
UP ǏǊǈ◦$ PWFS UXP IPVST UIFO TMPXMZ DPPMFE UP ǎǍǈ◦$ PWFS UXP EBZT
ĉFCBUDIXBTBOOFBMFEBUǎǍǈ◦$GPSUXPNPSFEBZTUIFOGVSOBDFDPPMFE
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6B;m`2 jXkXR, "BƦa2Ƨ `27`+iBp2 BM/2t M/ T2M2i`iBQM /2Ti?X UV _2H
UOV M/ BK;BM`v ULV T`ib Q7 i?2 "BƦa2Ƨ BM/2t Q7 `27`+iBQM b  7mM+iBQM
Q7 HB;?i rp2H2M;i? +[mB`2/ #v T2`7Q`KBM; bT2+i`Qb+QTB+ 2HHBTbQK2i`v K2@
bm`2K2MibX U#V PTiB+H T2M2i`iBQM /2Ti? b  7mM+iBQM Q7 rp2H2M;i?X AMb2i,
J2bm`2/ 6hA_ `2~2+iBpBiv b  7mM+iBQM Q7 rp2MmK#2` MQ`KHBx2/ iQ i?2
`2~2+iBpBiv Q7 ;QH/X h?2 `2~2+iBpBiv KBMBKmK i rp2MmK#2` L ∼ 88d +K−Ƨ
UGQ4RXed×ƥƤƥƧ >xV Bb /m2 iQ #bQ`TiBQM i i?2 THbKQM `2bQMM+2- 7`QK r?B+?
r2 +H+mHi2 M 2H2+i`QM /2MbBiv Q7 OF49Xjj×ƥƤƥƫ +K−ƧX 6B;m`2 `2T`BMi2/ 7`QK
(d9)X
ǑǎUPSPPNUFNQFSBUVSF
"ĜFSHSPXUIUIFDSZĞBMPSJFOUBUJPOXBTEFUFSNJOFECZ9SBZEJĎSBD
UJPOVTJOHB#SVLFS%ǐEJĎSBČPNFUFSXJUI$V,һSBEJBUJPO	Ӈ = ƥ.Ʃƨª

BOE B UXPEJNFOTJPOBM BSFB EFUFČPS ĉF SFBM 	O
 BOE JNBHJOBSZ 	L

QBSUT PG UIF JOEFY PG SFGSBČJPO XFSF EFUFSNJOFE CFUXFFO ǋǍǈON BOE
ǐǊǈONCZQFSGPSNJOHĝFČSPTDPQJDFMMJQTPNFUSZNFBTVSFNFOUTVTJOH
B4PQSB(&4Ǎ4QFČSPTDPQJD&MMJQTPNFUFSBOEBDDPNQBOZJOH8JO&MMJ
TPĜXBSF<'JHVSFǋǊǉ	B
> ĉFPQUJDBMQFOFUSBUJPOEFQUIXIJDIJTHJWFO
CZ Ӌ = Ӈ/ƨӍL<Ǒǐ> JT TIPXO JO 'JHVSF ǋǊǉ	C
 8F ėOE UIBU Ӌ ∼ ǊǍ
ONBUӇǏǑǍONXIJDIJTUIFGVOEBNFOUBMXBWFMFOHUIVTFEJOBMM4)(
NFBTVSFNFOUT 4BNQMFT XFSF DIBSBČFSJ[FE CZ 'PVSJFS 5SBOTGPSN *O
GSBSFE 4QFČSPTDPQZ 	'5*3
 VTJOH B /JDPMFU .BHOB ǐǎǈ '5*3 4QFD
USPNFUFS<'JHVSFǋǊǉ	C
JOTFU> ĉFQMBTNPOSFTPOBODFXBTNFBTVSFE
UPCFGQǉǎǏ×ƥƤƥƧ )[GSPNXIJDIXFDBMDVMBUFBOFMFČSPOEFOTJUZPG
OFǌǋǋ×ƥƤƥƫ DN−Ƨ<ǌǍ>
ĉF4)(FYQFSJNFOUBMMBZPVUJTTIPXOTDIFNBUJDBMMZJO'JHVSFǋǊǊ
6MUSBTIPSUMBTFSQVMTFTXJUIBDFOUFSXBWFMFOHUIPGǏǑǍON	 ӗǉǍǎ
F7
BOEBEVSBUJPOPGǐǈGTBU'8).XFSFHFOFSBUFEGSPNB5JTBQQIJSF
PTDJMMBUPS ĉF ǐǈ .)[ SFQFUJUJPO SBUF XBT SFEVDFE UP ǉǎ .)[ CZ B
QVMTF QJDLFS BOE UIF BWFSBHF MBTFS JOUFOTJUZ PG ǈǎǋ L8DNƦ VTFE GPS
UIF FYQFSJNFOUT JT XFMM CFMPX UIF #JƦ4FƧ EBNBHF UISFTIPME ĉF JODJ
EFOUMBTFSQPMBSJ[BUJPOXBTTFUCZBEKVĞJOHB Ӈ/ƦBOEB Ӈ/ƨXBWFQMBUF
ĉFCFBNXBTGPDVTFEUPBǊǈӉNǉFƦĝPUTJ[FPOUIFTBNQMFBUBOJODJ
EFOUBOHMFPGǌǍ◦ 4QFDVMBSMZSFĚFČFEQIPUPOTBUUIFTFDPOEIBSNPOJD
ǑǏ6B;m`2 jXkXk, a>: 2tT2`BK2MiH TT`imbX a+?2KiB+ Q7 i?2 2tT2`BK2M@
iH HvQmi b?QrBM; i?2 +QKTH2i2 #2K Ti?X h?2 Ti? Q7 i?2 7mM/K2MiH
UӗV M/ b2+QM/ ?`KQMB+ UkӗV #2Kb `2 b?QrM BM `2/ M/ #Hm2 `2bT2+iBp2HvX
1tT2`BK2Mib r2`2 T2`7Q`K2/ BM  /`F 2M+HQbm`2 iQ pQB/ bi`v HB;?i Ub22
+QMiQm`VX PTiB+H 2H2K2Mib `2 /2MQi2/ b 7QHHQrb, TQH`BxBM; #2K bTHBii2`
US"aV- [m`i2`@ M/ ?H7@rp2 THi2 UӇ/ƨ M/ Ӈ/ƦV- #2K bTHBii2` U"aV- TQ@
H`BxiBQM }Hi2` US6V M/ Ҽ@#`BmK #Q`i2 U""PVX S?QiQKmHiBTHB2` im#2b `2
/`rM b `2+iM;H2b i?i K2bm`2 i?2 Qmi;QBM; a>: rBi? 1PVU M/ 4PVU TQH`@
BxiBQMb b H#2H2/X h?2 T?QiQKmHiBTHB2` im#2 mb2/ iQ K2bm`2 Hb2` BMi2MbBiv
~m+imiBQMb Bb H#2H2/ *OPSNX qp2H2M;i? }Hi2`b `2 /`rM b ~i #Hm2 bi`BTbX
AMb2i, J2bm`2/ a>: BMi2MbBiv i ӓ = Ƥ BM i?2 1JO@1PVU TQH`BxiBQM ;2QK2@
i`v b  7mM+iBQM Q7 i?2 7mM/K2MiH HB;?i BMi2MbBivX h?2 `2/ HBM2 Bb  }i i?i
b?Qrb i?2 2tT2+i2/ [m/`iB+ `2HiBQMb?BT #2ir22M i?2 irQX 6B;m`2 `2T`BMi2/
7`QK (d9)X
ǑǐFOFSHZ	 ǊӗǋǉǊF7
XJUIQPMBSJ[BUJPOJO	1
BOEPVUPG	4
UIFTDBU
UFSJOHQMBOFXFSFĝBUJBMMZTFQBSBUFECZBQPMBSJ[JOHCFBNĝMJĨJOHDVCF
BOE TJNVMUBOFPVTMZ NFBTVSFE VTJOH DBMJCSBUFE QIPUPNVMUJQMJFS UVCFT
TFOTJUJWF UP ǋǉ F7 QIPUPOT #FGPSF UIF QIPUPNVMUJQMJFS UVCFT UIF SF
ĚFČFE GVOEBNFOUBM MJHIU XBT SFNPWFE UISPVHI CPUI BCTPSQUJWF BOE
JOUFSGFSFODFėMUFSJOH ĉFTFDPOEIBSNPOJDOBUVSFPGUIFEFUFČFETJH
OBMXBTDPOėSNFECZDIFDLJOHUIBUJUTDBMFERVBESBUJDBMMZXJUIUIFJO
DJEFOU CFBN JOUFOTJUZ <'JHVSF ǋǊǊ JOTFU> 1BSU PG UIF JODJEFOU CFBN
XBT ĝMJU PĎ CFGPSF UIF TBNQMF BOE QBTTFE UISPVHI B ҼCBSJVN CPSBUF
DSZĞBM UP HFOFSBUF TFDPOE IBSNPOJD MJHIU BHBJOĞ XIJDI CPUI 1 BOE 4
DIBOOFMT XFSF OPSNBMJ[FE UP BDDPVOU GPS MBTFS JOUFOTJUZ ĚVČVBUJPOT
#JƦ4FƧ	ǉǉǉ
TBNQMFTXFSFNPVOUFEPOBSPUBUJPOĞBHFBOEBMJHOFETP
UIBUUIFDFOUFSPGSPUBUJPODPJODJEFEXJUIUIFDFOUFSPGUIFGPDVTPGUIF
JODJEFOU CFBN "O BDDVSBUF BMJHONFOU XBT BDIJFWFE CZ JNBHJOH UIF
TBNQMF XJUI B ǍǈY NJDSPTDPQF PCKFČJWF BOE B IJHI SFTPMVUJPO $$%
DBNFSB ĉF TFDPOE IBSNPOJD MJHIU HFOFSBUFE BT B GVOČJPO PG UIF JO
QMBOFDSZĞBMPSJFOUBUJPOXBTNFBTVSFECZSFDPSEJOH*(Ʀӗ)JOCPUIQP
MBSJ[BUJPODIBOOFMTBTBGVOČJPOPGUIFTBNQMFSPUBUJPOBOHMFӓBSPVOE
UIF 	ǉǉǉ
 BYJT BOE BT B GVOČJPO PG UIF JODJEFOU QPMBSJ[BUJPO <'JHVSF
ǋǊǋ	B
> "MM TBNQMFT XFSF DMFBWFE BMPOH UIF 	ǉǉǉ
 QMBOF JO BJS PS 0Ʀ
VOEFS BNCJFOU QSFTTVSF BOE UFNQFSBUVSF QSJPS UP NFBTVSFNFOU 'PS
UIF0Ʀ NFBTVSFNFOUTBDPOUJOVPVTĚPXPG0Ʀ 	ǑǑǍƻ"JSHBT
HBTXBT
EJSFČFE PO UIF TBNQMF BU B QSFTTVSF PG ǉǈ QTJ BOE BU B EJĞBODF PG BQ
QSPYJNBUFMZPOFDNJOTJEFBTFBMFEFODMPTVSF
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6B;m`2 jXkXj, a>: bKTH2 ;2QK2i`v M/ HBM2` QTiB+H `2bTQMb2X UV
a+?2KiB+ Q7 i?2 a>: bKTH2 ;2QK2i`vX am`7+2 M/ #mHF `2;BQMb `2 +QH@
Q`2/ r?Bi2 M/ ;`v `2bT2+iBp2HvX U#V hQT TM2H, LQ`KHBx2/ BMi2MbBiv Q7 i?2
`2~2+i2/ #2K i i?2 7mM/K2MiH 7`2[m2M+v *(ӗ) 7`QK i?2 URRRV bm`7+2 Q7
"BƦa2Ƨ K2bm`2/ b  7mM+iBQM Q7 xBKmi?H M;H2 ӓX .i `2 b?QrM BM i?2
1JO − 1PVU TQH`BxiBQM ;2QK2i`v- #mi bBKBH` BbQi`QTB+ Tii2`Mb r2`2 Q#iBM2/
mM/2` HH 7Qm` HBM2` M/ 7Qm` +B`+mH` TQH`BxiBQM ;2QK2i`B2bX "QiiQK TM2H,
AMi2MbBiv *(ӗ) i ӓ = Ƥ◦ BM i?2 1JO − 1PVU TQH`BxiBQM ;2QK2i`v K2bm`2/ b 
7mM+iBQM Q7 iBK2 7i2` +H2p;2 BM B`X 6B;m`2 `2T`BMi2/ 7`QK (d9)X
ǉǈǈǋǊǊ 'ĽŇňŉŃŇĸĹŇŀĽłĹĵŇŃńŉĽķĵŀŇĹňńŃłňĹ
#FGPSFQFSGPSNJOH4)(NFBTVSFNFOUTXFDIBSBČFSJ[FEUIF ӕ(ƥ) ėSĞ
PSEFSMJOFBSPQUJDBMSFĝPOTFCZNFBTVSJOHUIFSFĚFČFEMJHIUJOUFOTJUZ
BUUIFGVOEBNFOUBMGSFRVFODZǊǈǈNJOVUFTBĜFSUIFTBNQMFXBTDMFBWFE
JOBJS "UZQJDBMUSBDFJTTIPXOJOUIFUPQQBOFMPG'JHVSFǋǊǋ	C
GPSUIF
1JO−1PVUHFPNFUSZ "TBGVOČJPOPGUIFTBNQMFSPUBUJPOBOHMFӓ*(ӗ)JT
DMFBSMZJTPUSPQJDDPOėSNJOHUIBUBMMPĎEJBHPOBMUFOTPSFMFNFOUTPGӕ(ƥ)
BSF[FSPBOEUIBU ӕ(ƥ)
ƥƥ = ӕ(ƥ)
ƦƦ BTFYQFČFEGSPN	ǋǋ
 4JNJMBSJTPUSPQJD
USBDFTXFSFSFDPSEFEGPSBMMJOQVUPVUQVUQPMBSJ[BUJPOHFPNFUSJFT
*OTFČJPOǋǊǌXFTIPXUIBU*(Ʀӗ)JODSFBTFTBĜFSDMFBWJOHJOBJSPO
UIF IPVS UJNF TDBMF CFGPSF TBUVSBUJOH 5P DIFDL UIBU UIJT JT OPU SFMBUFE
UPBDIBOHFJOUIFCVMLFMFČSPOJDĞSVČVSF XFNFBTVSFEUIFUJNFEF
QFOEFODF PG *(ӗ) JNNFEJBUFMZ BĜFS DMFBWJOH JO UIF 1JO − 1PVU HFPN
FUSZ TJODF UIF MJOFBS SFĝPOTF JT QSFEPNJOBOUMZ SFQSFTFOUBUJWF PG CVML
QSPQFSUJFT *UJTDMFBSGSPNUIFCPĨPNQBOFMPG'JHVSFǋǊǋ	C
UIBUBĜFS
DMFBWJOHUIFJOUFOTJUZPG*(ӗ)SFNBJOTDPOĞBOU /PNFBTVSBCMFDIBOHFT
JO *(ӗ) XJUI UJNF XFSF PCTFSWFE BU BMM ӓ BOE JO BMM JOQVUPVUQVU QPMBS
J[BUJPOHFPNFUSJFT
ǋǊǋ 4ĹķŃłĸŃŇĸĹŇłŃłŀĽłĹĵŇŃńŉĽķĵŀŇĹňńŃłňĹ
8F OPX DIBSBČFSJ[F UIF TFDPOEPSEFS OPOMJOFBS PQUJDBM SFĝPOTF CZ
NFBTVSJOHUIFTFDPOEIBSNPOJDMJHIUHFOFSBUFEGSPN#JƦ4FƧ	ǉǉǉ
 &RVB
ǉǈǉ(c)           Pin-Sout
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6B;m`2 jXkX9, _QiiBQMH MBbQi`QTv Q7 a>: 7`QK "BƦa2ƧURRRVX LQ`KH@
Bx2/ a>: BMi2MbBiv *UkӗV 7`QK i?2 "BƦa2ƧURRRV bm`7+2 K2bm`2/ b  7mM+iBQM
Q7 xBKmi?H M;H2 ӓ #2ir22M i?2 #Bb2+i`Bt URR¯ ƦV M/ i?2 b+ii2`BM; THM2X
J2bm`2K2Mib iF2M kyy KBMmi2b 7i2` +H2p;2 BM UV 1JO@1PVU- U#V 4JO@1PVU- U+V
1JO@4PVU M/ U/V 4JO@4PVU BM+B/2Mi M/ Qmi;QBM; T?QiQM TQH`BxiBQM ;2QK2i`B2bX
HH /i b2ib `2 MQ`KHBx2/ iQ i?2 KtBKmK BMi2MbBiv K2bm`2/ i U = ƦƤƤ
KBMb BM i?2 1JO@1PVU ;2QK2i`vX aQBH/ HBM2b `2 }ib iQ UjXeVX 6B;m`2 `2T`BMi2/
7`QK (d9)X
ǉǈǊUJPO 	ǋǎ
 TIPXT UIBU UIF UFOTPS DPNQPOFOUT PG UIF DPNCJOFE ӕ(Ʀ) +
ӕ(Ƨ)E TVTDFQUJCJMJUJFTXIJDIFODPEFUIFTVSGBDFBDDVNVMBUJPOSFHJPO
FMFČSJDBMSFĝPOTFTSFĝFČJWFMZDBOCFEFUFSNJOFECZNFBTVSJOH*(Ʀӗ)
BT B GVOČJPO PG UIF TBNQMF SPUBUJPO BOHMF ӓ JO EJĎFSFOU JOQVUPVUQVU
MJHIUQPMBSJ[BUJPOHFPNFUSJFT 'JHVSFǋǊǌTIPXUIFSFTVMUTPGUIFTFNFB
TVSFNFOUT UBLFO Ǌǈǈ NJOVUFT BĜFS UIF TBNQMF XBT DMFBWFE JO BJS 6O
MJLF UIF MJOFBS PQUJDBM SFĝPOTF <'JHVSF ǋǊǋ	C
 UPQ> *(Ʀӗ) JT DMFBSMZ
BOJTPUSPQJDBTBGVOČJPOPGӓJOBMMGPVSMJOFBSQPMBSJ[BUJPOHFPNFUSJFT
"ėUPG	ǋǎ
UPUIF4)(QBĨFSOTVTJOHBTJOHMFTFUPGTVTDFQUJCJMJUZUFO
TPSFMFNFOUTZJFMETFYDFMMFOUBHSFFNFOU<'JHVSFǋǊǌSFEMJOFT>XIJDI
TIPXT UIBU UIF EBUB BSF DPOTJĞFOU XJUI TVSGBDF + BDDVNVMBUJPO MBZFS
4)( GSPN #JƦ4FƧ ĉF ėU QBSBNFUFST BSF TIPXO JO 5BCMF ǋǊǉ 8F
ėOE UIBU UIF MBSHFĞ DPOUSJCVUJPO UP UIF DPNCJOFE ӕ(Ʀ) + ӕ(Ƨ)E OPO
MJOFBSTVTDFQUJCJMJUZDPNFTGSPN|D(ƥ)|XIJDIEFTDSJCFTUIFPOMZQVSFMZ
JOQMBOFFMFČSJDBMSFĝPOTFBUUIFTVSGBDF	|B(ƥ)|
GSPN ӕ(Ʀ)JOBEEJUJPO
UP BDDVNVMBUJPO SFHJPO DPOUSJCVUJPOT 	|C(ƥ)|
 ĉF DPNQPOFOUT |D(Ʀ)|
BOE |D(Ƨ)| XIJDI DPOUBJO POMZ UFOTPS FMFNFOUT UIBU JOWPMWF BO PVU PG
QMBOFSFĝPOTFBSFTNBMMFSUIBO|D(ƥ)|CZBGBČPSPGBQQSPYJNBUFMZǊBOE
Ǎ SFĝFČJWFMZ *O TFČJPO ǋǊǌ XF TIPX UIBU UIF SFMBUJWF DPOUSJCVUJPOT
PGFBDIB(O) BOEC(O) DBOCFEFUFSNJOFECZĞVEZJOHUIFUJNFFWPMVUJPO
PG*(Ʀӗ)BĜFSDMFBWJOHUIFTBNQMF
ĉFEBUBJO'JHVSFǋǊǌFYICJUBDMFBSǋGPMEPSǎGPMESPUBUJPOBMTZN
NFUSZ EFQFOEJOH PO XIFUIFS UIF PVUHPJOH QIPUPOT NFBTVSFE IBWF B
QPMBSJ[BUJPODPNQPOFOUQFSQFOEJDVMBS	1QPMBSJ[FE
PSQBSBMMFM	4QPM
ǉǈǋh#H2 jXkXR, h?Bb i#H2 /BbTHvb i?2 #2bi }i pHm2b Q7 i?2 T`K2i2`b D(O) ≡
B(O) + C(O) r?2M UjXeV M/ UjXdV `2 bBKmHiM2QmbHv }ii2/ iQ #Qi? i?2 HBM2`
TQH`BxiBQM (6B;m`2 jXkX9) M/ +B`+mH` TQH`BxiBQM (6B;m`2 jXkXd) a>: /i
iF2M kyy KBMmi2b 7i2` +H2p;2X h?2 ′ M/ ′′ `272`b iQ i?2 `2H M/ BK;BM`v
T`ib `2bT2+iBp2Hv- M/ HH T`K2i2`b `2 ;Bp2M BM i2`Kb Q7 Bib `iBQ iQ D(ƥ)′
X
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ǉ Ǌǈǈ ǈǎǈ ǈǏǉ ǉǌǎ ǈǌǌ ǈǋǋ ǈǋǑ ǈǎǌ ǈǈǈ
BSJ[FE
UPUIFTBNQMFQMBOFSFĝFČJWFMZ #FDBVTF4QPMBSJ[FEMJHIUPOMZ
IBT JOQMBOF FMFČSJDėFME DPNQPOFOUT JU JT POMZ B TFOTJUJWF NFBTVSF
PG UIF JOQMBOF SFĝPOTF FODPEFE CZ D(ƥ) ĉJT MJLFMZ PSJHJOBUFT GSPN
UIFBOIBSNPOJDQPMBSJ[BCJMJUZPGUIF4F4FCPOET<'JHVSFǋǉǉ>XIJDI
IBWFBǎGPMETZNNFUSJDBSSBOHFNFOUJOUIFTBNQMFQMBOF 0OUIFPUIFS
IBOE CFDBVTF 1QPMBSJ[FE MJHIU DPOUBJOT BO FMFČSJDėFME DPNQPOFOU
BMPOHˆ [ JU JT B TFOTJUJWF NFBTVSF PG UIF PVUPGQMBOF SFĝPOTFT D(Ʀ) BOE
D(Ƨ) ĉFTF PSJHJOBUF GSPN UIF 4F#J CPOET XIJDI IBWF B ǋGPME TZN
NFUSJDBSSBOHFNFOUUIBUFYUFOEJOUPUIFCVML
ǋǊǌ 4ŊŇĺĵķĹŁŃŀĹķŊŀĵŇĸŃńĽłĻĹĺĺĹķŉňŃł4)(
5P QSPWF UIBU UIF TVSGBDF BOE BDDVNVMBUJPO SFHJPO 4)( JT EPNJOBOU
PWFSNVMUJQPMFCVMLFĎFČTBOEUPRVBOUJGZUIFJSSFMBUJWFDPOUSJCVUJPOT
XFĞVEJFEUIFSFĝPOTFUPDIBOHFTJOUIFTVSGBDFDBSSJFSDPODFOUSBUJPO
"OHMFSFTPMWFEQIPUPFNJTTJPOĝFČSPTDPQZ	"31&4
ĞVEJFTIBWFTIP
XOUIBU#JƦ4FƧFYIJCJUTBOJOUSJOTJDTVSGBDFCBOECFOEJOHBĜFSDMFBWBHF
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6B;m`2 jXkX8, a>: ӓ /2T2M/2M+2 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7i2` +H2p;2 BM
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M/ U/V 4JO@4PVU T?QiQM TQH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;2QK2i`B2bX 6B;m`2 `2T`BMi2/ 7`QK (d9)X
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`BxiBQM ;2QK2i`B2bX h?2 BM@
b2ib BM U+V M/ U/V b?Qr i?2 iBK2 2pQHmiBQM Q7 i?2 T2F a>: BMi2MbBiB2b bi`i@
BM; i Ryy KBMmi2b 7i2` +H2p;2 BM B`- T`BQ` iQ r?B+? i?2 bKTH2 rb MQi
2tTQb2/ iQ Hb2` HB;?iX 6B;m`2 `2T`BMi2/ 7`QK (d9)X
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6B;m`2 jXkXd, hBK2 2pQHmiBQM Q7 }i +Q2{+B2Mib 7i2` +H2p;2 BM B`X 6Bi
+Q2{+B2Mib 7`QK }iiBM; UjXeV iQ i?2 a>: /i BM 6B;m`2 jXkX8 b  7mM+iBQM
Q7 iBK2 7i2` +H2p;2 BM B`X "2+mb2 i?2 T?b2 Q7 i?2 +QKTH2t }i T`K2i2`b
+MMQi mMB[m2Hv #2 /2i2`KBM2/- Bi Bb QMHv BM7Q`KiBp2 iQ b?Qr i?2 #bQHmi2
pHm2bX 6B;m`2 `2T`BMi2/ 7`QK (d9)X
ǉǈǏJO VMUSBIJHI WBDVVN 	6)7
 UIBU BČT UP NPOPUPOJDBMMZ JODSFBTF UIF
FMFČSPO EFOTJUZ BU UIF TVSGBDF PO UIF IPVS UJNF TDBMF VOUJM B ĞBCMF BD
DVNVMBUJPO MBZFS JT GPSNFE <ǌǉ ǌǏ ǏǑ> *G 4)( GSPN #JƦ4FƧ JT JO GBČ
TVSGBDFTFOTJUJWFTVDIBTVSGBDFFMFČSPOJDDIBOHFTIPVMECFNBOJGFĞFE
JO PVS NFBTVSFNFOUT ĉJT JT CFDBVTF BT TIPXO JO TFČJPO ǋǉǉ UIF
CBOECFOEJOH FMFČSJD ėFME BČT UP CSFBL JOWFSTJPO TZNNFUSZ PWFS UIF
EFQUIUIBUJUQFOFUSBUFTJOUPUIFCVML<'JHVSFǋǉǊ>UIFSFCZQFSNJĨJOH
4)(JOUIFBDDVNVMBUJPOSFHJPOXJUIBOJOUFOTJUZUIBUJTQSPQPSUJPOBM
UPUIFėFMEĞSFOHUI 'JHVSFǋǊǍTIPXBDMFBSJODSFBTFJO*(Ʀӗ)BUBMMӓ
BOE JO BMM JOQVUPVUQVU MJOFBS QPMBSJ[BUJPO HFPNFUSJFT BT B GVOČJPO PG
UJNFBĜFSDMFBWBHFJOBJS )PXFWFSUIFSFJTOPDIBOHFJOUIFSPUBUJPOBM
TZNNFUSZPGUIF4)(QBĨFSOTXIJDISVMFTPVUBOZUSJHPOBMTZNNFUSZ
CSFBLJOHBUPNJDSFDPOĞSVČJPOBTJTUZQJDBMPGTFNJDPOEVČPSTTVDIBT
4J	ǉǉǉ
JOBJS<ǐǑ> 'JHVSFǋǊǎTIPXUIFDPNQMFUFUJNFEFQFOEFODJFT
PG UIF 4)( QFBL JOUFOTJUJFT XIJDI BMM VOEFSHP UIF TBNF NPOPUPOJD
JODSFBTF CZ BT NVDI BT ǌǈǈƻ CFUXFFO U ≈ ǉ BOE U  Ǎǈ NJOT GPMMPX
JOHDMFBWBHFBĜFSXIJDIUIFZTBUVSBUFUPBWBMVFUIBUSFNBJOTDPOĞBOU
PVUUPBUMFBĞǎǈǈNJOT ĉJTJTBUSFOEIJHIMZDPOTJĞFOUXJUIUIFUJNF
FWPMVUJPO PG UIF TVSGBDF 'FSNJ MFWFM PCTFSWFE VTJOH "31&4 <ǌǏ> BOE
DBOOPUIBWFBCVMLPSJHJOBTOPCVMLFMFČSPOJDDIBOHFTXFSFPCTFSWFE
XJUIUJNFBĜFSDMFBWJOH<'JHVSFǋǊǋ	C
CPĨPN>
4MPX QIPUPJOEVDFE DIBOHFT JO 4)( JOUFOTJUZ BSF LOPXO UP PDDVS
POTFNJDPOEVČPSTVSGBDFTTVDIBT(B"T<ǑǑ>BOEPYJEJ[FE4J<Ǒǉǉǈǈ>
UISPVHIBUXPĞFQDIBSHFFYDJUBUJPODIBSHFUSBQQJOHQSPDFTTFT<ǑǉǑǑ>
5PUFĞGPSTVDIFĎFČTXFSFQFBUFEUIFNFBTVSFNFOUTBĜFSLFFQJOHUIF
ǉǈǐTBNQMFVOFYQPTFEUPMBTFSMJHIUGPSUIFėSĞǉǈǈNJOTBĜFSDMFBWBHF<'JH
VSFǋǊǎ	D
	E
JOTFUT> ĉFGBČUIBUUIF4)(JOUFOTJUJFTVOEFSUIFTF
DPOEJUJPOT TIPX OP UJNF EFQFOEFODF BOE NBUDI UIF QSFWJPVT TBUVSB
UJPOJOUFOTJUJFTTIPXTUIBUUIFPCTFSWFEUJNFFWPMVUJPOJTQVSFMZBTVS
GBDFEPQJOHFĎFČBOEOPUBQIPUPJOEVDFEFĎFČ
5P VOEFSĞBOE IPX UIF OPOMJOFBS TVTDFQUJCJMJUJFT FWPMWF XJUI UJNF
XFTJNVMUBOFPVTMZėUUIF4)(EBUBJO'JHVSFǋǊǎBUFBDIQPJOUJOUJNF
UP 	ǋǎ
 ĉF UJNF EFQFOEFODF PG UIF ėU DPFđDJFOUT JT TIPXO JO 'JH
VSFǋǊǏ 8FėOEUIBU|D(ƥ)| |D(Ʀ)] BOE]D(Ƨ)] XIJDIUPHFUIFSQSJNBSJMZ
FODPEFUIFJOQMBOFFMFČSJDBMSFĝPOTF<	ǋǑ
BOE	ǋǉǈ
>HFOFSBMMZJO
DSFBTFBTBGVOČJPOPGUJNF ĉJTQSFDMVEFTBDIBOHFJOUIFJOUFSBUPNJD
MBZFSEJĞBODFBUUIF TVSGBDFBĜFSDMFBWJOHBTUIF QSJNBSZTPVSDFPG UIF
JODSFBTFE4)(TJHOBMCFDBVTFUIJTXPVMEQSFEPNJOBOUMZBĎFČPOMZUIF
PVUPGQMBOFTVTDFQUJCJMJUJFT ĉFDPFđDJFOU|D(ƨ)|XIJDIEFTDSJCFTUIF
POMZQVSFMZPVUPGQMBOFFMFČSJDBMSFĝPOTFPOUIFPUIFSIBOEHFOFS
BMMZEFDSFBTFTBTBGVOČJPOPGUJNF ĉFEJQGFBUVSFFYIJCJUFECZ|D(Ʀ)|
|D(Ƨ)|BOE|D(ƨ)|BUFBSMZUJNFTJTDVSSFOUMZVODMFBSBOESFRVJSFTBOEBXBJUT
BEFUBJMFENJDSPTDPQJDUIFPSFUJDBMEFTDSJQUJPOPG4)(GSPN#JƦ4FƧ) P 
XFWFS XF OPUF UIBU UIJT GFBUVSF JT TJNJMBS UP UIBU PCTFSWFE JO UIF SBX
4)( EBUB GPS TBNQMFT DMFBWFE JO BO 0Ʀ FOWJSPONFOU BT B GVOČJPO PG
UJNFJO'JHVSFǋǊǐ	B
	C

#FDBVTFXFėOEUIBUUIFCBOECFOEJOHJOBJSPDDVSTPOUIFTBNFUJNF
TDBMF PCTFSWFE JO TBNQMFT DMFBWFE JO 6)7 JUT DBVTF JT VOMJLFMZ SFMBUFE
UPUIFEJSFČDIBSHJOHPGUIFTVSGBDFCZBCTPSCFENPMFDVMFTGSPNUIFFO
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6B;m`2 jXkX3, a>: iBK2@/2T2M/2M+2 7i2` +H2p;2 BM PƦX UV hBK2 /2@
T2M/2M+2 Q7 i?2 a>: T2F BMi2MbBiB2b K2bm`2/ BM i?2 1JO@4PVU TQH`BxiBQM
;2QK2i`v 7i2` +H2pBM; BM PƦX U#V hBK2 /2T2M/2M+2 Q7 i?2 a>: KBMBK K2@
bm`2/ BM i?2 1JO@1PVU TQH`BxiBQM ;2QK2i`v 7i2` +H2pBM; BM PƦX aBKBH` #2?p@
BQ`b r2`2 HbQ Q#b2`p2/ BM Qi?2` TQH`BxiBQM ;2QK2i`B2bX U+V a+?2KiB+ Q7 i?2
2M2`;v 2pQHmiBQM Q7 i?2 #mHF +QM/m+iBQM #M/ KBMBKmK U&$V M/ #mHF pH2M+2
#M/ KtBKmK U&7V `2HiBp2 iQ i?2 62`KB H2p2H U&'V b  7mM+iBQM Q7 /BbiM+2
iQ i?2 PƦ +Qp2`2/ bm`7+2X U/V hBK2 /2T2M/2M+2 Q7 i?2 a>: T2F BMi2MbBiB2b
K2bm`2/ BM i?2 1JO@1PVU TQH`BxiBQM ;2QK2i`v 7i2` +H2pBM; BM B` i?2M BKK2@
/Bi2Hv +Qp2`BM; i?2 bm`7+2 rBi? PƦ ;bX 6B;m`2 `2T`BMi2/ 7`QK (d9)X
ǉǉǈWJSPONFOUGPSUIFBCTPSQUJPOSBUFTJOBJSBOE6)7XJMMCFEJĎFSFOUCZ
PSEFST PG NBHOJUVEF *U NVĞ UIFSFGPSF CF EVF UP BO JOUSJOTJD NBUFSJBM
QSPQFSUZ *OUSJOTJD CBOECFOEJOH JT LOPXO UP PDDVS UISPVHI UIF NJ
HSBUJPOPGDIBSHFEJNQVSJUJFTXJUIJOUIFDSZĞBMmBQSPDFTTUIBUDBOUBLF
QMBDFPOUIFIPVSUJNFTDBMF<ǉǈǉ> *GUIJTJTUIFDBTFJOPVSTBNQMFTUIF
NJHSBUJOH JNQVSJUJFT BSF NPĞ MJLFMZ OFHBUJWFMZ DIBSHFE 4F WBDBODJFT
XIJDI BSF QSPMJėD JO #JƦ4FƧ UIBU NBZ NPWF UP UIF TVSGBDF UP MPXFS UIF
TVSGBDFFOFSHZPGUIFUPQNPĞ4FMBZFSBĜFSDMFBWJOHUIFSFCZJODSFBTJOH
UIFTVSGBDFDBSSJFSEFOTJUZ
"MUIPVHI XF IBWF TIPXO UIBU UIF ӕ(Ʀ) BOE ӕ(Ƨ)E DPOUSJCVUJPOT UP
4)(GSPN#JƦ4FƧ	ǉǉǉ
DBOCFEJĞJOHVJTIFEJTPMBUJOHUIFTVSGBDFFMFD
USPOJD SFĝPOTF XIJDI JT POMZ FODPEFE JO ӕ(Ʀ) XJMM SFRVJSF FMJNJOBU
JOHUIFBDDVNVMBUJPOSFHJPO4)(&YQFSJNFOUTIBWFTIPXOUIBU0Ʀ JT
BOFĎFČJWFFMFČSPOBDDFQUPSXIFOEFQPTJUFEPOUIFTVSGBDFPG#JƦ4FƧ
<ǋǉ> 5PEFNPOĞSBUFUIBUUIFBDDVNVMBUJPOSFHJPO4)(DBOCFFMJN
JOBUFE BOE UP DPOėSN UIBU 4)( JT TFOTJUJWF UP UVOJOH UIF TVSGBDF DBS
SJFS EFOTJUZ XF ĞVEJFE UIF UJNF FWPMVUJPO PG *(Ʀӗ) BĜFS DMFBWJOH UIF
TBNQMFJOBO0Ʀ FOWJSPONFOU 'JHVSFǋǊǐ	B
	C
TIPXUIBU*(Ʀӗ)JOJ
UJBMMZ JODSFBTFT UP SFBDI BQQSPYJNBUFMZ Ǎǈ% PG UIF TBUVSBUJPO JOUFOTJUZ
WBMVFJOBJSUIFOTMPXMZEFDSFBTFTCBDLUPJUTJOJUJBMWBMVF ĉFTFSFTVMUT
TIPXUIBUFMFČSPOUSBOTGFSGSPNUIF#JƦ4FƧ TVSGBDFUPUIFBCTPSCFE0Ʀ
NPMFDVMFT UBLFT QMBDF POMZ BĜFS TPNF ėOJUF TVSGBDF DIBSHF IBT EFWFM
PQFE BOE UIBU 0Ʀ DBO SFĞPSF UIF TVSGBDF CBDL UP BO VODIBSHFE ĞBUF
XIFSF ⃗ Eǈ CVU DBOOPU IPMF EPQF CFZPOE UIJT ĞBUF <'JHVSF ǋǊǐ	D
>
ĉJTGVSUIFSJOEJDBUFTUIBU ⃗ E BSJTFTGSPNUIFNJHSBUJPOPGOFHBUJWFMZDIBS
ǉǉǉHFE 4F WBDBODJFT UP UIF TVSGBDF CFDBVTF BTTVNJOH UIBU DIBSHF USBOTGFS
POMZ UBLFT QMBDF XIFO BO 0Ʀ NPMFDVMF JT BETPSCFE BU B TVSGBDF 4F WB
DBODZ TJUF OP BEEJUJPOBM IPMF EPQJOH XJMM PDDVS PODF BMM WBDBODJFT BSF
PDDVQJFE 'JHVSF ǋǊǐ	E
 TIPXT UIBU UIJT IPMF EPQJOH EPFT OPU PD
DVSXIFOUIFTBNQMFJTDMFBWFEJOBJSUIFOJNNFEJBUFMZFYQPTFEUP0Ʀ
XIJDI DPOėSNT UIBU UIF DIBSHF USBOTGFS POMZ PDDVST CZ NPMFDVMFT JOJ
UJBMMZBCTPSCFEPOUIFTVSGBDF
"TTVNJOHUIBUUIFTVSGBDFEPQJOHJTOFHMJHJCMZTNBMMJNNFEJBUFMZBG
UFSDMFBWJOHJOBJS	⃗ E ∼ Ƥ
XFFĞJNBUFUIBUUIF ӕ(Ʀ) BOE ӕ(Ƨ)E DPOUSJ
CVUJPOTUP4)(BSFSPVHIMZFRVBMBUMPOHUJNFTBĜFSDMFBWJOHJOBJS 8F
FĞJNBUFUIBUUIFBDDVNVMBUJPOSFHJPOQFOFUSBUFTBQQSPYJNBUFMZǉǊON
JOUPUIFCVMLVTJOHUIFĉPNBT'FSNJTDSFFOJOHMFOHUI
Ӈ5' =( ƧOFƦ/ƦҿED&G)−ƥ/Ʀ
BTBOBQQSPYJNBUJPO<ǋ>XIFSFO = Ƨ.ƪƬ×ƥƤƥƫDN−ƧJTUIFCVMLDBSSJFS
EFOTJUZ<'JHVSFǋǊǉ	C
JOTFU>ҿED ∼ ƥƥƧҿƤJTUIFEDFMFČSJDQFSNJUJWJUZ
GPS#JƦ4FƧ <Ǎǌ>BOEXFBQQSPYJNBUF
&G =
 Ʀ
ƦN
(ƧӍƦO)Ʀ/Ƨ = Ƥ.ƤƥƧ F7
VTJOHN = Ƥ.ƥƨNF <Ǎǌ>
ǉǉǊǋǊǍ $ĽŇķŊŀĵŇ%ĽķļŇŃĽňŁ4)(
)BWJOH FĞBCMJTIFE UIBU B QVSF TVSGBDF ӕ(Ʀ) NFBTVSFNFOU DBO CF QFS
GPSNFEPOUIF#JƦ4FƧNBUFSJBMTDMBTTUIBUJTTFOTJUJWFUPCPUIUIFTVSGBDF
DSZĞBMĞSVČVSFBOEUIFTVSGBDFDBSSJFSDPODFOUSBUJPOXFDPOTJEFSIPX
4)(DBOCFVTFEUPNPOJUPSUJNFSFWFSTBMTZNNFUSZ	534
BUBUPQP
MPHJDBM JOTVMBUPS TVSGBDF *U IBT CFFO QSPQPTFE UIBU OFX 534 CSPLFO
QIBTFT DBO CF NFBTVSFE UISPVHI UIF EJĎFSFOUJBM BCTPSQUJPO PG SJHIU
	3
WFSTVTMFĜ	-
DJSDVMBSMZQPMBSJ[FEMJHIU<ǋǈǋǌǐǊ> )PXFWFSJUJT
LOPXOUIBUUIFMJOFBSSFĝPOTFPG#JƦ4FƧ UPDJSDVMBSMZQPMBSJ[FEMJHIUJT
POMZ TFOTJUJWF UP CVML FMFČSPOT <ǐǋ> *O PSEFS UP VOEFSĞBOE XIFUIFS
TFDPOE IBSNPOJD WFSTJPOT PG TVDI FYQFSJNFOUT BSF GFBTJCMF JU JT OFD
FTTBSZ UP NFBTVSF UIF JOUSJOTJD TVSGBDF FMFČSJDBM SFĝPOTF PG #JƦ4FƧ UP
DJSDVMBSQPMBSJ[FEMJHIU
4FDPOEIBSNPOJDDJSDVMBSEJDISPJTN	$%
XIJDIJTUIFEJĎFSFODFJO
4)(ZJFMEVTJOHJODJEFOU3WFSTVT-DJSDVMBSMZQPMBSJ[FEGVOEBNFOUBM
MJHIU XBTNFBTVSFE GSPN#JƦ4FƧ Ǌǈǈ NJOVUFTBĜFS DMFBWBHFJO BJS 'JH
VSFǋǊǑ	B
	C
TIPXBDMFBSEJĎFSFODFCFUXFFOUIF4)(JOUFOTJUZQBU
UFSOTNFBTVSFEVTJOH3WFSTVT-DJSDVMBSMZQPMBSJ[FEJOQVUGPSCPUI4
BOE 1QPMBSJ[FE PVUQVU HFPNFUSJFT JO UIF BCTFODF PG BQQMJFE DVSSFOUT
PSNBHOFUJDėFMETXIJDIBSFXFMMEFTDSJCFECZ	ǋǏ
VTJOHUIFTBNFTFU
PGTVTDFQUJCJMJUZWBMVFTėĨFEUP'JHVSFǋǊǌ #ZQMPĨJOH$%BTBGVOD
UJPOPGӓ<'JHVSFǋǊǑ	D
>XFėOEUIBU$%WBSJFTTJOVTPJEBMMZXJUIUIF
4BOE1QPMBSJ[FEPVUQVUDPNQPOFOUT	$%4BOE$%1
PVUPGQIBTFCZ
FYBČMZ ǉǐǈ◦ BT FYQFČFE GSPN 	ǋǏ
 "MUIPVHI TFDPOE IBSNPOJD $%
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6B;m`2 jXkXN, *B`+mH` /B+?`QBbK a>: 7`QK "BƦa2ƧX LQ`KHBx2/ ӓ@
/2T2M/2Mi a>: BMi2MbBiv Tii2`Mb K2bm`2/ kyy KBMmi2b 7i2` +H2p;2 BM B`
mM/2` UV H27i@+B`+mH` BM U-JOV 4PVU M/ `B;?i@+B`+mH` BM U3JOV 4PVU- M/ U#V -JO@
1PVU M/ 3JO@1PVU T?QiQM TQH`BxiBQM ;2QK2i`B2bX aQHB/ HBM2b `2 i?2Q`2iB+H }ib
iQ UjXdVX U+V *B`+mH` /B+?`QBbK U*3 − *-V +Q``2bTQM/BM; iQ /i BM TM2Hb UV
M/ U#VX U/V .Bz2`2M+2 #2ir22M +B`+mH` /B+?`QBbK K2bm`2/ i kyy KBMmi2b
7i2` +H2p;2 M/ BKK2/Bi2Hv 7i2` +H2p;2X LQ`KHBx2/ a>: BMi2MbBiv Ti@
i2`Mb BM /Bz2`2Mi bKTH2b BM U2V H27i@+B`+mH` BM U-JOV 4PVU M/ `B;?i@+B`+mH` BM
U3JOV 4PVU- M/ U7V -JO@1PVU M/ 3JO@1PVU T?QiQM TQH`BxiBQM ;2QK2i`B2bX 6B;m`2
`2T`BMi2/ 7`QK (d9)X
ǉǉǌDBO BSJTF UISPVHI UIF JOUFSGFSFODF PG IJHIFSPSEFS CVML NVMUJQPMF BOE
TVSGBDFEJQPMF4)(SBEJBUJPOTVDIFĎFČTBSFLOPXOUPCFTVQQSFTTFE
XIFOUIFQIPUPOFOFSHZFYDFFETUIFCVMLCBOEHBQBOEXFIBWFTIPXO
UIBUUIFCVMLNVMUJQPMFDPOUSJCVUJPOTUP4)(BSFOFHMJHJCMF ĉF4)(
$%NVĞUIFSFGPSFBSJTFGSPNUIFTVSGBDF #FDBVTFUIFTVSGBDFTVTDFQ
UJCJMJUZ UFOTPS FMFNFOUT BSF QSPQPSUJPOBM UP USBOTJUJPO BNQMJUVEFT CF
UXFFOFJHFOĞBUFTĞBUFT|ƥ⟩BOE|Ʀ⟩JOUIFCBOEĞSVČVSFXIJDITDBMFBT
ƥ/( ӗ−&ƥƦ −Jҽ)XJUI&ƥƦCFJOHUIFFOFSHZEJĎFSFODFBOEҽ CFJOHBO
BCTPSQUJPOGBČPSBMBSHFJNBHJOBSZQBSUUPUIFTVSGBDFӕ(Ʀ)PDDVSTXIFO
 ӗ JT DMPTF UP BO JOUFSCBOE USBOTJUJPO 4JODF  ӗ > ρ JO PVS FYQFSJ
NFOUTVDISFTPOBOUFYDJUBUJPOTDBOSFBEJMZPDDVSCFUXFFOUIFTVSGBDF
BOECVMLDPOUJOVVNĞBUFTMFBEJOHUPQSPOPVODFE$%
8IJMF $% JT HFOFSBMMZ OPO[FSP 'JHVSF ǋǊǑ	D
 TIPXT UIBU JU WBO
JTIFT XIFO ӓ JT BO JOUFHFS NVMUJQMF PG ǎǈ◦ BOHMFT XIFSF UIF TDBĨFS
JOH QMBOF DPJODJEFT XJUI B NJSSPS QMBOF PG UIF 	ǉǉǉ
 TVSGBDF <'JHVSF
ǋǉǉ> 4VDI [FSPFT BSF QSPUFČFE CZ NJSSPS TZNNFUSZ CFDBVTF 3 BOE
-DJSDVMBSMZQPMBSJ[FEMJHIUUSBOTGPSNJOUPPOFBOPUIFSVOEFSNJSSPSSF
ĚFČJPOBCPVUUIFTDBĨFSJOHQMBOF #FDBVTFBNBHOFUJ[BUJPODBOCSFBL
NJSSPS TZNNFUSZ NFBTVSJOH EFQBSUVSFT GSPN [FSP JO $% BMPOH UIFTF
ĝFDJėDWBMVFTPGӓDBOCFBTFOTJUJWFQSPCFPG534CSFBLJOHPOUIFTVS
GBDFPG#JƦ4FƧ 3FNBSLBCMZXFėOEUIBU$%BUBHFOFSBMӓJTJOTFOTJUJWF
UPTVSGBDFDIBSHJOHBTFWJEFODFECZUIFMBDLPGNFBTVSBCMFDIBOHFBTB
GVOČJPOPGUJNFBĜFSDMFBWBHF<'JHVSFǋǊǐ	E
> ĉJTTVHHFĞTUIBUTFO
TJUJWFTFBSDIFTGPS534CSFBLJOHJOEVDFE$%NBZCFDBSSJFEPVUXJUI
PVUUIFOFFEGPSDBSFGVMDPOUSPMPGTVSGBDFDIBSHJOHXIJDIJTBOJNQPS
ǉǉǍUBOU BOE SPCVĞ XBZ PG ĞVEZJOH UIF QIZTJDT PG TVSGBDF EPQFE UPQPMPH
JDBM JOTVMBUPST PS CVSJFE JOUFSGBDFT CFUXFFO UPQPMPHJDBM JOTVMBUPST BOE
PSEJOBSZNBUFSJBMT<ǊǌǊǐ>
*ODFSUBJOTBNQMFTUIFӓEFQFOEFODFPG*(Ʀӗ)XJUIDJSDVMBSMZQPMBS
J[FEMJHIUFYIJCJUFEBEEJUJPOBMGFBUVSFTUIBUDBOOPUCFBDDPVOUFEGPSCZ
	ǋǏ
 <'JHVSF ǋǊǑ	F
	G
> ĉFTF BQQFBS UP CF TNBMMFS 4)( FYUSFNB
UIBU BSF TIJĜFE GSPN UIF FYUSFNB FYIJCJUFE JO 'JHVSF ǋǊǑ	B
	C
 CZ
ǎǈ◦ )PXFWFSUIFӓEFQFOEFODFPG*(Ʀӗ)JOUIFMJOFBSQPMBSJ[BUJPOJO
QVUDPOėHVSBUJPOTJOUIFTBNFTBNQMFTBQQFBSFEUPCFVOBĎFČFEEVF
UPUIFǎǈ◦ QFSJPEJDJUZPGUIF4)(FYUSFNB ĉFPSJHJOPGUIFTFGFBUVSFT
JT DVSSFOUMZ VODMFBS BOE SFRVJSF GVSUIFS JOWFĞJHBUJPO CVU XF CFMJFWF
UIBUUIFZNBZCFBSFTVMUPGDSZĞBMUXJOOJOH
ǋǋ 4ŊŁŁĵŇŏĵłĸŃŊŉŀŃŃĿ
8FIBWFQSFTFOUFEBUIFPSFUJDBMBOEFYQFSJNFOUBMĞVEZPGTFDPOEIBS
NPOJDHFOFSBUJPOGSPNUIFUPQPMPHJDBMJOTVMBUPS#JƦ4FƧ #ZQFSGPSNJOH
BDSZĞBMTZNNFUSZBOBMZTJTXFJEFOUJėFEUIFOPOMJOFBSFMFČSJDTVTDFQ
UJCJMJUZ UFOTPS FMFNFOUT UIBU DPOUSJCVUF UP 4)( ĉF BOBMZTJT TIPXFE
UIBUUIFQSPDFTTJTGPSCJEEFOJOUIFCVMLPG#JƦ4FƧPXJOHUPUIFQSFTFODF
PGJOWFSTJPOTZNNFUSZCVUDBOCFHFOFSBUFEBUUIFTVSGBDFXIFSFJOWFS
TJPO TZNNFUSZ JT OFDFTTBSJMZ CSPLFO 8F BMTP GPVOE UIBU 4)( DBO CF
HFOFSBUFEOFBSUIFTVSGBDFJOUIFBDDVNVMBUJPOSFHJPOXIFSFUIFCBOE
ǉǉǎCFOEJOH FMFČSJD ėFME CSFBLT JOWFSTJPO TZNNFUSZ PWFS UIF EFQUI UIBU
JUQFOFUSBUFTJOUPUIFCVML 8FJODPSQPSBUFEUIFTZNNFUSZBOBMZTJTSF
TVMUTJOUPBQIFOPNFOPMPHJDBMNPEFMBOETIPXFEUIBUUIFSFMBUJWFNBH
OJUVEFTPGUIFTVTDFQUJCJMJUZUFOTPSFMFNFOUTDBOCFEFUFSNJOFECZNFB
TVSJOHUIF4)(JOUFOTJUZBOEQPMBSJ[BUJPOBTBGVOČJPOPGUIFJOQMBOF
DSZĞBMPSJFOUBUJPOBOEJODJEFOUMBTFSQPMBSJ[BUJPO
5P UFĞ UIF NPEFM XF QFSGPSNFE 4)( FYQFSJNFOUT PO CVML TJOHMF
DSZĞBMT PG #JƦ4FƧ 8F ėSĞ EFTDSJCFE UIF TBNQMF HSPXUI QSPDFTT BOE
SFQPSUFEUIFDIBSBČFSJ[BUJPOSFTVMUT 8FBMTPEFUFSNJOFEUIFDPNQMFY
JOEFY PG SFGSBČJPO JO UIF WJTJCMF SBOHF XIJDI JT B OFDFTTBSZ JOQVU QB
SBNFUFS UP UIF UIFPSFUJDBM NPEFM CZ QFSGPSNJOH ĝFČSPTDPQJD FMMJQ
TPNFUSZNFBTVSFNFOUT 8FEFTDSJCFEUIFFYQFSJNFOUXFEFTJHOFEUP
JTPMBUF UIF 4)( TJHOBM BOE DIBSBČFSJ[FE UIF ėSĞPSEFS MJOFBS PQUJDBM
SFĝPOTF 8FNFBTVSFEUIFSBEJBUFE4)(JOUFOTJUZBOEQPMBSJ[BUJPOBT
BGVOČJPOPGDSZĞBMPSJFOUBUJPOBOEJODJEFOUMBTFSQPMBSJ[BUJPOBOEUIF
SFTVMUTXFSFDPOTJĞFOUXJUIPVSUIFPSFUJDBMNPEFM 8FėUUIFEBUBBOE
SFQPSUFEUIFSFMBUJWFDPOUSJCVUJPOTUP4)(GSPNFBDIPGUIFOPOMJOFBS
TVTDFQUJCJMJUZFMFNFOUT
5PDPOėSNUIBUUIFTVSGBDFBOEBDDVNVMBUJPOSFHJPOXFSFUIFEPN
JOBOU TPVSDF PG 4)( BOE UP RVBOUJGZ UIFJS SFMBUJWF DPOUSJCVUJPOT XF
QFSGPSNFEBTVSGBDFEPQJOHEFQFOEFODFĞVEZ 8IFOUIFTBNQMFXBT
DMFBWFEJOBJSUIF4)(JOUFOTJUZJOBMMQPMBSJ[BUJPODPOėHVSBUJPOTNPOP
UPOJDBMMZJODSFBTFEPOUIFIPVSUJNFTDBMFCFGPSFTBUVSBUJOHBOESFNBJO
JOH DPOĞBOU PVU UP BU MFBĞ TFWFSBM IPVST 8F BĨSJCVUFE UIJT CFIBW
JPS UP UIF TMPX GPSNBUJPO PG UIF 4)( HFOFSBUJOH BDDVNVMBUJPO SFHJPO
ǉǉǏUIBUSFTVMUTGSPNUIFJOUSJOTJDCBOECFOEJOHJO#JƦ4FƧBĜFSDMFBWJOH<ǌǉ
ǌǏ ǏǑ> 8F FĞJNBUFE GSPN UIF SFTVMUT UIBU UIF TVSGBDF BOE BDDVNVMB
UJPOSFHJPODPOUSJCVUJPOTUP4)(XFSFDPNQBSBCMFBUMPOHUJNFTJOBJS
8IFO DMFBWFE JO BO PYZHFO FOWJSPONFOU UIF 4)( JOUFOTJUZ JOJUJBMMZ
JODSFBTFEUIFOTMPXMZEFDSFBTFECBDLUPJUTJOJUJBMWBMVF ĉJTJTDPOTJT
UFOUXJUI"31&4SFTVMUTTIPXJOHUIBUEFQPTJUJOHPYZHFOPOUIFTVSGBDF
PG #JƦ4FƧ MPXFST UIF TVSGBDF DBSSJFS EFOTJUZ BOE IFODF UIF NBHOJUVEF
PG UIF CBOECFOEJOH FMFČSJD ėFME UIBU JOEVDFT 4)( JO UIF BDDVNVMB
UJPOSFHJPO<ǋǉ> ĉFTFSFTVMUTTIPXUIBU4)(DBOCFVTFEUPNPOJUPS
DIBOHFTJOUIFTVSGBDF'FSNJMFWFM
8F ėOBMMZ JOWFĞJHBUFE UIF 4)( SFĝPOTF VTJOH DJSDVMBSMZ QPMBSJ[FE
MJHIU BT B GVOČJPO PG UIF JOQMBOF DSZĞBM PSJFOUBUJPO 8F GPVOE QSP
OPVODFE DJSDVMBS EJDISPJTN BU BMM DSZĞBM SPUBUJPO BOHMFT FYDFQU BMPOH
DFSUBJO QMBOFT PG NJSSPS TZNNFUSZ XIFSF UIF DJSDVMBS EJDISPJTN WBO
JTIFE 8FQSPQPTFEUIBUTFOTJUJWFTFBSDIFTGPSUJNFSFWFSTBMTZNNFUSZ
CSFBLJOHDPVMECFQFSGPSNFECZNPOJUPSJOHUIF4)(DJSDVMBSEJDISP
JTNBMPOHUIFTFNJSSPSQMBOFT
ĉF UIFPSFUJDBM EFTDSJQUJPO BOE FYQFSJNFOUBM SFBMJ[BUJPO PG TVSGBDF
TFDPOE IBSNPOJD HFOFSBUJPO GSPN UIF #JƦ4FƧ NBUFSJBMT DMBTT QSPWJEFT
B OPWFM DPOUBČGSFF QSPCF PG FMFČSJDBM SFĝPOTF GSPN B TJOHMF TVSGBDF
PGBUPQPMPHJDBMJOTVMBUPS ĉFBCJMJUZUPQFSGPSNTVDITVSGBDFTFOTJUJWF
FYQFSJNFOUTXJUIUVOJOHDPOUSPMPGUIFTVSGBDFDBSSJFSDPODFOUSBUJPOJO
BNCJFOU DPOEJUJPOT JT QSPNJTJOH GPS GVUVSF UFDIOPMPHJDBM BQQMJDBUJPOT
PGUPQPMPHJDBMJOTVMBUPST
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